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Abstract

The desire to understand the interaction between light and matter has stimulated centuries of

research, leading to technological achievements that have shaped our world. One contemporary

frontier of research into light-matter interaction considers regimes where quantum effects dominate.

By understanding and manipulating these quantum effects, a vast array of new quantum-enhanced

technologies become accessible. In this thesis, I explore and analyze fundamental components and

processes for quantum optical devices with a focus on solid-state quantum systems. This includes

indistinguishable single-photon sources, deterministic sources of entangled photonic states, photon-

heralded entanglement generation between remote quantum systems, and deterministic optically-

mediated entangling gates between local quantum systems. For this analysis, I make heavy use

of an analytic quantum trajectories approach applied to a general Markovian master equation of

an optically-active quantum system, which I introduce as a photon-number decomposition. This

approach allows for many realistic system imperfections, such as emitter pure dephasing, spin

decoherence, and measurement imperfections, to be taken into account in a straightforward and

comprehensive way.
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Throughout this thesis, I will be using the above roman numeral references whenever citing

works where I am a co-author. However, not all of these papers are relevant to the present topic.

The papers [iii] and [ix] are the only two that are entirely included in this thesis, and the author

contributions for these works are summarized below. Please also see appendix C for copyright

permissions.

Author contributions for [iii]� SW and CS conceived the idea.SW and RG developed the

methods.SW performed the analysis and wrote the manuscript with guidance from NL and RG.

NL and CS provided critical feedback. All authors contributed to editing the manuscript.

Author contributions for [ix]� SCW and CS conceived the idea.SCW developed the methods.

SCW performed the analysis and wrote the manuscript with help from JWJ, YFW, and FKA. RG

and CS provided critical feedback. All authors contributed to editing the manuscript.

A portion of supplementary theory material from [xiii] and [xiv] are also described in this

thesis under fair dealing, as I was the primary author of that material within those experimental

papers. Moreover, I will include unpublished research related to my contributions to [vii] and [viii].

Both of these latter papers have already appeared in the thesis of the primary author, Dr. Faezeh

Kimiaee Asadi. Because of this, I will make clear what material deviates from the published

material and present any material from those published papers in my own original words with the

appropriate citations. The remaining original material in this thesis is tangentially related to my

other publications and I will detail those relationships as they become relevant.

The content of [iii] appears in section 3.1 and appendix B. In addition, [ix] appears in chapter

2 and section 4.1. Some supplementary material related to [xiii] and [xiv] is included in chapter

3. The material related to [vii] and [viii] appears in section 4.2. Aside from the introduction,

the remaining material that is not attributed to a paper is, to the best of my knowledge, original

unpublished research that serves to aggregate my published works into a consistent framework.
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Chapter 1

Introduction

In this chapter, I will establish the context for this thesis. The �rst section will provide a brief

overview of the history of research into light and matter without delving into the modern math-

ematical language. This will include a description of the contemporary applications of quantum

light-matter interactions for fundamental research and technology and also a motivation for the

systems of focus in this thesis. In the remaining of this chapter, I will then introduce the theoretical

framework and basic mathematical background used throughout this thesis.

1.1 Motivation

1.1.1 History

The conceptual relationship between light and matter has been debated for millennia. In the era

of ancient Greek philosophers, it was postulated that light behaved like a ray while matter was

composed of indivisible pieces or `atomos'. However, even in the ancient world, there were popular

theories proposed that light rays were also composed of indivisible particles [1]. During the

Renaissance when the foundations of classical science were being established, Christiaan Huygens

and Isaac Newton debated whether light was a wave-like phenomenon or if it was composed of

discrete corpuscles, respectively. At the time, a particle-like model was generally accepted because
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it could explain the straight motion and polarization properties of light. This dominance shifted

once the wave-like properties of interference and di�raction became well-understood by the likes

of Thomas Young and Augustin-Jean Fresnel [1]. On the other hand, some evidence for the particle

nature of matter arose with the atomic theory of John Dalton in chemistry at the end of the 18th

century [2]. Regardless of their conceptual similarities and di�erences, the physics and theory of

light and matter were largely segregated into very di�erent �elds of study.

The 19th century brought with it the industrial revolution instigated by discoveries in ther-

modynamics and statistical mechanics propelled by scientists such as Sadi Carnot and Ludwig

Boltzmann, among many others. Alongside these advancements in understanding matter physics

were the seminal electric and magnetic experimental observations by Michael Faraday that were

later developed into the classical uni�ed theory of electromagnetism and light founded by James

Clerk Maxwell [3]. This fully established the concept that light was an electromagnetic wave.

Furthermore, with the discovery of the electron by Joseph John Thomson [4], the particle nature of

matter was gaining support. By the end of the 19th century, it may have appeared that physics was

nearing completion.

Spawning from Max Planck's curiosity for black-body radiation [1] that led him to revive the

idea of discretized light, the de�nitive counter-intuitive connection between light and matter began

to emerge. Soon after, this hypothesis was re-enforced by Albert Einstein's explanation of the

photoelectric e�ect [5], which was observed by Heinrich Hertz. The behaviour of light could not

be fully described as a wave when it interacted with matter. The existence of the fundamental

particle of light�the photon�was discovered. Around the same time, Jean Perrin experimentally

demonstrated the atomic nature of matter by verifying Einstein's theory of Brownian motion [5].

Less than two decades after the particle nature of matter was unambiguously con�rmed came the

theoretical discoveries by Louis de Broglie that matter could also exhibit wave-like behaviour,

which was itself con�rmed shortly thereafter by observations of electron di�raction [5]. Within a

few decades, the conceptual line separating light and matter blurred into a perplexing duality that

challenged the brightest minds of the 20th century.
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The desire to understand and reconcile the intricate relationship between light and matter

was the driving force behind the development of a new �eld of study�quantum physics. The

pioneering advancements made by Einstein and Planck stimulated great debates and progress

throughout the �rst few decades of the 20th century. For a while, physicists such as Niels Bohr and

Arnold Sommerfeld sought to patch ever-growing inconsistencies between classical explanations

and new observations in atomic physics. Then, in the fall of 1925, Werner Heisenberg along

with Max Born and Pascual Jordan brought consistency by introducing the concept that properties

of quantum particles of light and matter can be described by matrices [1]. Just months after,

Erwin Schrödinger published his seminal paper on the di�erential wave equation for quantum

states�the famous Schrödinger equation�that reconciled wave-particle duality as a manifestation

of quantum superposition [5]. Shortly after that, Schrödinger united his theory of wave mechanics

with the matrix mechanics of Heisenberg, forming quantum mechanics�the foundations of modern

quantum physics.

With a mathematically consistent framework, quantum mechanics was poised to stoke the �res

of a new technological revolution paralleling that of the 19th century. However, quantum mechanics

troubled many of its founding authors. Many of the steps advancing towards a quantum theory

were taken reluctantly. Max Planck was unsatis�ed to �nd that quantization explained black-

body radiation. Louis de Broglie did not accept the mathematically abstract formulation of wave

mechanics introduced by Schrödinger. Most famously, Albert Einstein, Boris Podolski, and Nathan

Rosen together published a paper in 1935 that challenged the extent to which quantum mechanics

explained reality�the EPR paradox [6]. The paradox surrounded one peculiar consequence of

quantum mechanics: the special case ofentanglementwhere two particles can seemingly in�uence

each other's behaviour, even when separated by arbitrarily large distances. This �spooky action

at a distance" (�spukhafte Fernwirkung�), as Einstein called it, was completely counter-intuitive

and it seemed to contradict his newly-developed theory of relativity. It was also somewhat ironic

that Einstein had just resolved the problem of action at a distance in gravitational physics only to

discover it appears in quantum physics. Unsurprisingly, this turn of events led Einstein and his
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colleagues to conclude that quantum physics must be incomplete.

The unanswered questions and confusing interpretations surrounding quantum mechanics were

nonetheless impotent to hinder its in�uence. Regardless of its subtleties, quantum mechanics

explained physical observations to such an accurate degree that it heralded an unstoppable tech-

nological revolution. It in�uenced developments of devices in �elds such as nuclear physics,

optics, and electronics; and medical technologies such as magnetic resonance imaging (MRI) and

positron emission tomography (PET). In the 1960s, the laser was demonstrated after signi�cant

theoretical development following quantum theory. This invention alone allowed for uncountable

applications in communications, sensing, and medical procedures. It also brought excimer laser

lithography, modern transistors and, through these, semi-conductor microelectronics leading to

modern computers and smart phones.

Quantum theory itself continued to develop signi�cantly through the mid 20th century. Notably,

Paul Dirac developed relativistic quantum mechanics and introduced the contemporary Dirac

notation for quantum physics. Mathematician and physicist John von Neumann developed the

connection to functional analysis by pioneering the modern mathematical description in terms of

Hilbert spaces of quantum states, quantum measurements, and operator theory. Still, the nagging

question embodied by the EPR paradox lingered.

In 1964, almost 30 years after the EPR paradox was introduced, John Stewart Bell developed a

theorem that brought with it a de�nitive proposal to test whether the quantum predictions arising

from entanglement indeed explained reality in a way that no reasonable classical theory could [7].

The proposal, now known as a Bell inequality, was a statistical test based on measuring entangled

particles and comparing the average outcomes to the fundamental bounds allowed by classically

correlated outcomes. Bell predicted that certain entangled states of quantum particles could indeed

give stronger correlations than any classical analog. If proven correct, Bell's theorem would �nally

resolve the EPR paradox.

With Bell's theorem, entanglement went from being a peculiar consequence of quantum physics
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to a unique resource of quantum physics. It soon became a hard-driven goal to develop ways to

prepare and manipulate quantum systems to generate entangled states, and then to measure those

states with high accuracy. The concept of entanglement as a resource motivated a series of

technological advances, setting the stage for a second quantum revolution.

Although Bell originally proposed to use electrons to test his theorem, it soon became apparent

that photons were the better choice. In 1972, John Clauser and Stuart Jay Freedman provided

strong evidence for the validity of Bell's theorem using entangled photons generated by cascaded

emission from calcium atoms [8]. However, the important fundamental consequences of Bell's

theorem required extreme care to ensure that the experiments leave no possible classical explanation,

called loopholes [9]. Hence, there were a series of experiments stretching from 1972 to 2013 that

made important incremental steps towards the �rst loophole-free experiments published in 2015

[10�12].

Among the Bell test experiments were those of Alain Aspectet al. [13], Wolfgang Tittelet al.

led by Nicolas Gisin [14], and Gregor Weihset al. led by Anton Zeilinger [15] that made use of

spontaneous parametric down-conversion (SPDC) [16], a process based on non-linear light-matter

interaction used to generate entangled photon pairs. Notably, the �rst loophole-free Bell test was

accomplished by Ronald Hanson's group in Delft by exploiting light-matter interaction in single

atomic defects in diamond to generate entanglement between two solid-state quantum systems

separated by 1.3 kilometers [10]. Shortly after, two other loophole-free Bell tests published by

independent groups in Vienna and Boulder utilized entangled photons generated by SPDC, yielding

impressive statistical signi�cance of violation [11, 12]. All these Bell test experiments paralleled

the development of quantum communication technology, which is one major category of second-

generation quantum technology that can exploit entanglement.

Another major category of technology was spurred by the concept of entanglement as a resource.

In the 1980s, it became apparent that quantum phenomena, such as entanglement, could allow for the

implementation of computational algorithms that vastly exceeded classical limitations. Pioneered

by physicists Paul Beino� [17] and Richard Feymann [18], the �eld of quantum computation has
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seen huge growth over the past four decades, and a massive increase in commercial interest over

the last decade. Just within the last two years, the �rst experimental demonstrations have been

published showing that, for some speci�c tasks, quantum devices can outperform the best-known

classical algorithms run on a supercomputer [19, 20].

1.1.2 Applications

To this day, light-matter interactions in quantum physics remains a key topic that motivates both

fundamental and technological advances. The three pillars of quantum technology spearheading

the second quantum revolution are (1) quantum communication, (2) quantum computation, and

(3) quantum sensing. The �rst two pillars have already profoundly impacted the fundamental

development of quantum physics, but all three open the door to devices and applications that would

otherwise be impossible.

Quantum communication focuses on using the principles of superposition and entanglement

to perform tasks between spatially separated parties. The most advanced application is quantum-

secure key distribution [21], where one uses the laws of quantum physics to ensure the security of a

generated random key to be used for encrypting classical information. Current implementations rely

on the transmission of photons through telecommunication �bre optic cables [22], but long-distance

communication will require free-space transmission using satellites [23�26] and quantum repeater

nodes along a network of �bre optics [27]. Quantum communication networks are currently being

developed around the world [28�30]. These networks may become the basis for a quantum internet

[31�33], where quantum resources can be distributed across the globe to enhance the operation

of other novel devices and applications involving the other two pillars of quantum technology.

Furthermore, quantum networks allow for a platform on which to test fundamental questions about

the nature of quantum phenomena, such as Bell inequalities and quantum collapse models [34].

Quantum computation and simulation stand to provide the most technologically impressive

results. Already, optical quantum systems are capable of performing information processing tasks
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in mere minutes that would take current classical algorithms on super computers billions of years

[20]. Although the demonstrated tasks are system-speci�c and not yet useful, there are plenty of

proposed algorithms and applications that quantum computers may be able to tackle in the future.

The seminal example by Peter Shor promises an exponential speed-up of prime factorization

[35]. Quantum simulation could solve complicated protein folding problems [36] that would lead

to advances in medicine, shed light on the process of nitrogen �xation allowing for improved

agriculture practices [37], accelerate materials engineering, and improve solar energy conversion

and power transmission [38]. Quantum computation could also enhance arti�cial intelligence and

machine learning [39], e�ciently solve weather and climate models for accurate forecasting [40],

assist �nancial modelling [41], and optimize routing and tra�c control [42]. With the help of

quantum networks, quantum computing could also be performed over spatially distributed systems

and allow for blind quantum computing [43].

Quantum sensing uses quantum e�ects to measure a system with accuracy and resolution ex-

ceeding the limits of classical technology [44, 45]. This ranges from magnetic �eld sensing using

atomic defects in nanoparticles [46] to superresolution of thermal light sources [47]. Quantum ef-

fects can also be exploited to improve interferometric phase measurements [48], which can increase

the sensitivity of gravitational wave detectors [49, 50]. Quantum light may also improve methods

for imaging biological tissues without damaging them [51]. With the help of quantum networks it

may be possible to implement global synchronized access to a single quantum timekeeping device

[52] and improve the resolution of astronomical objects [53, 54].

In all three of these pillars, one can �nd the extensive involvement of light-matter interactions

[55]. In particular, many technologies such as quantum networks, optical quantum computing,

and biological imaging require the generation of non-classical light, such as single photons and

entangled photonic states. These types of states are usually produced by the interaction of a laser

with a solid-state material or atomic gas. For example, as mentioned before, SPDC can produce

entangled photons. It is also one of the most common ways to generate high-quality single photons.

This process occurs when laser light passes through a non-linear crystal. More recently, there has
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been signi�cant motivation to study how laser light can manipulate optically-active single quantum

defects in the solid-state to produce non-classical light and light-matter entanglement [56, 57].

These solid-state emitter systems have great potential to accelerate the development of many, if not

all, of the technological applications mentioned above.

1.1.3 Solid-state optical devices

The technological evolution of classical computing and the internet has shown a clear trend towards

favoring compact, scalable, and robust devices. For example, vacuum tube transistors were replaced

by contemporary solid-state silicon-based technology while �ber optics and satellites have now

replaced many electrical transmission lines for long-distance communication. A similar trend

could be expected for the development of quantum technology whereby solid-state materials and

optical light become more favored over time.

In the previous section, I touched on the multitude of applications of quantum technology. In

particular, optically-active solid-state defects will continue to play a huge role in the future of the

ongoing quantum technology revolution [56, 57]. These defects could provide many advantages

over other platforms for quantum technology such as trapped ions [58] or superconducting circuits

[59]. In addition, optically-active defects have the potential to satisfy any future demand for

scalability and robustness. However, there are still many challenges to overcome. In this section, I

will highlight some of the advantages and disadvantages of this platform.

The optical spectrum of light combines the infrared, visible, and ultraviolet ranges of the

electromagnetic spectrum, comprising wavelengths near 100s of micrometers to 10s of nanometers.

In terms of frequency, this can range from 100s of GHz to 1000s of THz. The range covers two

prominent telecommunication bands at 1300 nm and 1500 nm, where transmission losses are low

through �bre optics. It also covers the operational wavelengths of commercially available lasers

such as titanium-sapphire and helium-neon lasers. Many semi-conductor materials, such as silicon,

gallium arsenide, and diamond, have optical band-gaps that allow for addressable defects, such
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as quantum dots (QDs) [60] and nitrogen-vacancy centers (NV centers) [61]. Optical light also

transmits well in free space and can be manipulated with many o�-the-shelf components such as

silvered or dielectric mirrors, half-silvered beam splitters, objectives, and lenses. There are also

plenty of commercially-available e�cient detectors for optical light.

Optical light (as with all light) is composed of photons, which generally interact only weakly

with other particles. This makes it di�cult to manipulate photons to perform logic gates, usually

requiring probabilistic post-selection to accomplish [62]. They are also particles that travel quickly

and are di�cult to contain. This makes photons ideal for transmitting quantum information over

long distances [57] but a poor choice for storage of quantum information in one location. That

said, there are very promising proposals for all-optical quantum computing [63]. But even then,

light-matter interactions are necessary to generate and detect the quantum states of light used to

implement all-optical quantum information processing.

Solid-state quantum defects are microscopic or atomic-scale defects within a crystal lattice that

can spatially con�ne electrons. This electron con�nement is similar to how a nucleus can trap

electrons to form an atom. These quantum systems are referred to as arti�cial atoms for this reason.

Electrons trapped by a defect can exist in di�erent quantum states, or electronic orbitals, dictated

by the defect structure. When there are multiple electrons, they together occupy the molecular

orbitals of the defect. Since electrons interact with light, laser pulses can be used to provide the

right amount of energy to excite electrons from one orbital to another. Excited electrons may also

spontaneously emit photons back into the environment. For this reason, I will refer to a single

quantum defect, such as a QD or NV center, that is in an electronic con�guration allowing for the

emission of photons, as an emitter.

Each electron con�ned to a defect can itself exist in one of two spin states. Depending on the

number of con�ned electrons and the defect symmetry, there may be optically-active spin states

that can be manipulated by external static or dynamic electric and magnetic �elds. This can provide

a robust degree of freedom for manipulating and storing quantum information. Thus, optically

active solid-state defects allow for a rich space of quantum states that are spatially localized, can
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be externally manipulated, may contain spin degrees of freedom, that can coherently interact with

photons, and generate quantum states of light [57].

Solid-state defects have some prominent advantages over other stationary quantum systems,

such as con�ned atomic gases or trapped atom/ion systems. Because the defects are integrated

into a solid-state lattice, they do not require external manipulation to keep them localized in space.

In addition, there are many well-developed methods for fabricating solid-state systems that can be

adopted from semi-conductor microelectronics. This latter advantage also allows for the natural

integration of quantum defects with classical information processing architectures, potentially

providing a smooth and scalable transition to quantum-enhanced devices.

By combining the bene�ts of optical light with those of optically-active solid-state defects

that may contain spin degrees of freedom, we have a platform that can prepare, manipulate, store

or transmit quantum information. This solid-state spin-photon platform satis�es all the main

requirements for quantum technology to succeed [56, 64]. However, solid-state environments are

hostile to delicate quantum phenomena. In the next section, I will discuss the biggest disadvantage

of using solid-state materials for quantum information processing.

1.1.4 Decoherence

The primary challenge for developing quantum technology is decoherence. This occurs when a

quantum system's environment perturbs the quantum system in an uncontrolled, probabilistic way

[65]. The system then deviates from the desired quantum state, which can destroy the quantum

properties such as superposition and entanglement that are required for quantum technology to

operate. Decoherence occurs quickly for solid-state systems because there are many ways that the

surrounding host environment can a�ect the state of the quantum defect. Thus, the main advantage

of solid-state defects also gives rise to its biggest weakness. The three main culprits of decoherence

in solid-state systems are thermal vibrations, electric noise, and magnetic noise [66].

Bulk thermal vibrations of atoms in the host lattice can displace the electronic orbitals of the
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quantum defect, causing decoherence. The quantized description of these thermal vibrations are

called phonons. Decoherence becomes signi�cantly worse as the lattice temperature increases.

However, even at very low temperatures, energy contained in the defect can also spontaneously

dissipate into the environment as phonons, which also causes decoherence. The interaction between

the con�ned electrons and lattice phonons can dampen the light-matter interaction, putting limits

on the speed and �delity at which the electron can be manipulated with laser pulses [67].

Electronic noise is often induced by charge �uctuations [68]. This can occur if there are

uncontrolled electrons moving into and out of other nearby defects or moving across the material

surface. As a consequence, the local electric �eld experienced by the electrons within the defect

can change. The rate of charge �uctuations is also temperature dependent. However, the severity

depends a lot on the surface quality (if near a surface) and the density of the surrounding defects.

Magnetic noise is usually caused by random changes in the spin states of surrounding atomic

nuclei. If a nearby nucleus �ips from one spin state to another, this can change the local magnetic

�eld experienced by electrons within the defect [66]. The many surrounding nuclei form what is

called a spin bath. Random �uctuations in the state of this nuclear spin bath can cause decoherence

of the electronic spin state of the defect.

In some cases, the environmental noise can be minimized. For example, low-frequency phonons

may be suppressed by cutting a pattern into the material to forbid some vibration modes [69].

However, this is not e�ective against high-frequency phonons. Charge noise can often be controlled

by applying a static electric �eld to lock free charges in place [68]. Magnetic noise can sometimes

be suppressed by isotopically engineering the material so that the nuclei do not have a spin degree

of freedom at all [70]. Unfortunately, not all atoms have stable isotopes with zero nuclear spin. For

some slower sources of noise, such as magnetic �eld �uctuations, rapid pulse sequences can also

be used to dynamically decouple the quantum system from its environment [71].

Besides minimizing noise, decoherence can be overcome by operating the device much faster

than the timescale of decoherence. This means that the system should be prepared, manipulated,
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and measured before decoherence can occur. For interacting quantum subsystems, it is sometimes

possible to enhance the rate of interaction to complete the protocol before decoherence becomes

a major hindrance to the operation of the device. Unfortunately, often a portion of decoherence

occurs on a timescale that cannot be realistically overcome [72]. In some cases for large quantum

systems, certain measurements and operations can be applied to correct for errors [73]. This may

one day allow for protocols that can be implemented over arbitrary lengths of time. However,

these error correction protocols require the system to already satisfy some threshold of quality to

be successful [74]. Hence, understanding and circumventing the e�ects of decoherence is still

essential for the advancement of quantum technology.

1.1.5 Outline

There are many di�erent physical implementations of solid-state quantum optical devices for many

di�erent applications. Each implementation may be a�ected by its environment in a di�erent way

than the next. In this thesis, I analyze arguably the most simple type of model that can capture

e�ects of decoherence on a quantum system: the phenomenological Markovian master equation.

As I will discuss later in this chapter, this approach makes some simplifying assumptions about

how a quantum system interacts with its environment. This allows for overarching and generalized

results that capture the basic behaviour and limitations of many di�erent devices. In addition, the

methods I detail in chapter 2 and apply throughout the thesis can also be applied to devices with

more speci�c types of Markovian master equations that take into account additional subtleties in

the behaviour of a device. However, Markovian master equations usually cannot capture all subtle

details of a particular system, especially those in solid-state environments, and may not capture

limiting behaviour in some regimes of operation. For this reason, the Markovian master equation

approach used in this thesis should be considered a �rst step in modelling decoherence that gives

insight to further develop system-speci�c models that are more closely tailored for a particular

device.
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I will use the Markovian master equation approach to explore the e�ects of environment noise

on two main types of applications of solid-state optical defects. The �rst type of application,

discussed in chapter 3, are those related to the generation of single photons (sections 3.1 and 3.2)

and other pulsed photonic states (section 3.3). The second type of application, discussed in chapter

4, is related to using photons to mediate the interaction between two di�erent defects. In section

4.1, I cover a few protocols that can be used to generate entangled spin states between remote

defects. Section 4.2 follows up with a discussion on using photons to mediate deterministic local

interactions between spins states of di�erent defects. Finally, I summarize the main results and

conclude the thesis in chapter 5.

1.2 Quantum systems

In this section, I will introduce the basics of quantum mechanics that set the foundation for the

analysis used in this thesis. In order to be concise and pertinent, I focus on using the Schrödinger

picture to introduce discrete variable systems that do not contain degenerate states nor utilize

degenerate measurements of those states. The majority of content in this section and those that

follow is drawn from the open quantum systems textbook by H.-P. Breuer and F. Petruccione [75].

A quantum system is a system described by a Hilbert spaceH of possible states. A state in

this Hilbert space is represented by a complex-valued vectorj i . This vector can be written as a

linear superposition of orthonormal basis vectorsj� n i 2 H so thatj i =
P

n cn j� n i . The complex

amplitudescn 2 C are given by the inner productcn = h� n j i , whereh� n j is the covector ofj� n i

that belongs to the dual space ofH. The amplitudescn have a particular physical interpretation as

giving the probability Pr(� n ) = jcn j2 of �nding the quantum system in the statej� n i . Hence, the

statej i must be restricted to satisfy the normalization condition
P

n Pr(� n ) = 1 . The stochastic

behaviour of the quantum system under measurement is entirely quantum in that it cannot be

described by reasonable classical models [7, 76, 77]. I will discuss measurements in more detail in

the following section.
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A quantum system can change from one state to another. Changes in the system state are

described by linear operators denotedÛ : H ! H, which have a particular property that they

maintain the normalization condition of quantum states. That is, they are unitary transformations

so thatÛyÛ = ÛÛy = Î , whereÎ is the identity operator. There are also linear operatorsÂ acting

on the Hilbert space that are not unitary. These operators can describe the time dynamics, average

physical quantities, and measurements of the system.

Just like a state, every linear operator can be written in terms of an orthonormal basisj� n i of

the Hilbert space aŝA =
P

n;m An;m j� n ih� m j, whereAn;m = h� n jÂj� m i are the complex-valued

matrix elements of̂A andj� n ih� m j is the outer product of statesj� n i andj� m i . The expectation

value of a linear operator on the Hilbert space is determined by the quantum statej i using

hÂi = h jÂj i =
P

n;m c�
ncmAn;m .

An operatorÔ is said to be an observable if it is Hermitian̂Oy = Ô. Observable operators

correspond to physical quantities of the system that can be measured. By convention, we de�ne

the adjointÔy as the conjugate transpose of the operator's matrix representation. This implies that

all observables have real eigenvalues and that they are diagonalizable. Hence, we can always �nd

a new basisj' n i such that an observablêO can be written aŝO =
P

n � n j' n ih' n j, where� n are

the eigenvalues satisfyinĝO j' n i = � n j' n i .

In practice, our knowledge about the system state may be incomplete so that it is best described

as a classical statistical mixture of possible quantum states. For example, it could be in the statej 1i

with probability Pr( 1) and statej 2i with probability Pr( 2) = 1 � Pr( 1). This type of classical

uncertainty in the state of the system is physically very di�erent from the quantum uncertainty

described at the beginning of this section. Rather than tracking all possible statistical outcomes of

a quantum system individually, we can describe the statistically mixed state of a quantum system

using an observable operator, the density operator�̂ . Suppose we want the expectation value

of �̂ for a given statej� n i to be Pr(� n ), it is then intuitive that the operatorj ih j is chosen

so that Pr(� n ) = h� n j �̂ j� n i = jh� n j ij 2. In general, we havê� �
P

n Pr( n ) j n ih n j where
P

n Pr( n ) = 1 . A quantum system that is in a statej i where Pr( ) = 1 is said to be in a pure
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quantum state. Otherwise, it is said to be in a mixed state.

Written in terms of the orthonormal basisj� n i , a general quantum state is

�̂ =
X

n;m

� n;m j� n ih� m j (1.1)

where� n;m are called the density matrix elements. The diagonal elements� n;n = h� n j �̂ j� n i =

Pr(� n ) are equal to the probability of �nding the quantum system in statej� n i while the o�-diagonal

elements� n;m = h� n j �̂ j� m i (n 6= m) quantify the amount of quantum coherence between states

j� n i andj� m i . Hence, with this formalism, both the quantum and classical statistical behaviours

of a quantum system are captured.

The density operator is Hermitian̂� y = �̂ and by de�nition we have Tr(�̂ ) =
P

n � n;n = 1, where

Tr is the trace. As a consequence of these two properties, the magnitude of the o�-diagonal elements

of the density matrix are bounded by their corresponding diagonal elements byj� n;m j2 � � n;n � m;m .

In a related way, the trace of the density operator squared always satis�es1=dim(�̂ ) � Tr(�̂ 2) � 1,

where dim(�̂ ) is the dimension of̂� [75]. This inequality is only saturated to 1 when�̂ is a pure

state and it is saturated at the lower bound when it is fully mixed. This quantityP = Tr(�̂ 2) is

called the trace purity, and it gives a natural way to characterize how pure a quantum state is.

1.2.1 Measurements

In order to observe and exploit quantum properties of the system, it is necessary to measure the

state of the system. At the beginning of the previous section, I alluded to the idea of `�nding'

the quantum system in a particular state, but gave little indication to how that is mathematically

achieved. I will �rst introduce the idea of an ideal quantum measurement and then expand this

concept to include imperfections.

The ideal von Neumann approach [78] used for instantaneous measurements associates every

measurement with an observable acting on the Hilbert space. As discussed before, the average
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value of an observable operator is given by the state of the systemj i through the real-valued

expectationhÔi = h jÔj i . This concept can be extended to a quantum system state represented

by a density operator̂� by the relationhÔi = Tr
�

Ô�̂
�

.

Since every observable is diagonalizable, it can be written in terms of a set of operators

�̂ n = j' n ih' n j so thatÔ =
P

n � n �̂ n . The operatorŝ� n are projection operators becausej' n i

form an orthonormal basis makinĝ� 2
n = �̂ n idempotent. They are also complete:

P
n �̂ n = Î .

Thus, the action of̂O becomes clear when applied to the system state. It projects the statej i

onto statej' n i with probability Pr(� n ) = jh j' n ij 2 and returns the associated eigenvalue� n .

The expectation value of̂O is then interpreted as the average value of all possible measurement

outcomes� n weighted by the probability of projecting the quantum system onto the eigenstate

j' n i .

Once the quantum system has been ideally measured with the outcome� n , it is in the state

j' n i . This occurs with the probability Tr
�

�̂ n �̂ �̂ n

�
= Pr(� n ). Hence, after an ideal measurement,

the system is in the pure state

j' n ih' n j =
�̂ n �̂ �̂ n

Tr
�

�̂ n �̂ �̂ n

� (1.2)

even if it was in a mixed state before the measurement. This type of idealized measurement directly

implemented using projection operators is called a projection-valued measure (PVM).

To simplify notation, it is convenient to de�ne an operatorPn so thatPn �̂ = �̂ n �̂ �̂ n . This

operator is our �rst example of a superoperator, which is an operator that takes an operator on

the Hilbert space and returns another operator on the Hilbert space. For clarity and consistency, I

will notate all superoperators in this thesis using the calligraphic font. In addition, I assume that

they act on all operators situated to their right, unless otherwise speci�ed. Using this projection

superoperator, we can writej' n ih' n j = Pn �̂= Tr(Pn �̂ ). The projection superoperators are idem-

potentP2
n = Pn . However, in general, they are not complete. That is,

P
n Pn is not necessarily

the identity superoperatorI because the sum does not contain the superoperator projections onto

j' n ih' m j. This is because a projective measurement will remove quantum coherence between
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di�erent eigenstatesj' n i of the observable.

The power of measurements is now clear. They allow one to purify a quantum system by

preparing it in a speci�c quantum state. In addition, a measurement gives a small piece of

information about what state the system was in before the measurement. By repeatedly preparing

and measuring a quantum system, it is possible to build up enough information to get a clear picture

about how the quantum system behaves.

Not every measurement is ideal in that it can project the system onto a pure state. For example,

in most realistic scenarios, there can be some classical noise in the device used to measure the

quantum system. This noise may prevent the device from faithfully reporting the value� n given

that the quantum system was in the statej' n i . Instead, it could erroneously indicate some other

outcome� m 6= � n . In that case, it is not guaranteed that the state�̂ is in the statej' m i if the

device reports� m . There is some remaining chance that it is actually in the statej' n i and hence

the quantum system is in a mixed state ofj' m i andj' n i after the measurement.

We can describe the e�ect of classical noise of this non-ideal measurement in terms of condi-

tional probabilities. I will �rst describe a simple scenario so that when I write the result it becomes

clear what it physically represents. Suppose we have a device that gives two possible outcomes0

and1, and projects onto two possible orthogonal statesj#i andj"i . If we characterize the device

by supplying it with many copies ofj"i (ignoring the fact that we need a source of perfectj"i

states), we can determine the probabilities Pr(1j " ) (Pr(0j " )) that it reports1 (0) given the inputj"i .

Likewise, we can do the same for the inputj#i . Hence, after characterization, we have a set of four

conditional probabilities Pr(1j " ), Pr(1j#), Pr(0j " ), and Pr(0j#).

Using Bayes' theorem we can write the probability of the state being in eitherj"i or j#i given

that we measure0 or 1. For example, Pr(" j 1) = Pr(1j " ) Pr(" ) =Pr(1). Then, if we measure

outcome1, we know that the state after measurement is the mixed state%̂1 = Pr(" j 1) j"ih"j +

Pr(# j1) j#ih#j. Substituting in Bayes' theorem and applying our ideal measurement postulate gives

us%̂1 = ( Pr(1j " ) P" �̂ + Pr(1j#) P#�̂ ) =Pr(1). We can now identify another important superoperator

17



F1 = Pr(1j " ) P" + Pr(1j#) P# so that%̂1 = F1�̂= Pr(1). Also, since Tr(%̂1) = 1 , we can easily

identify that Tr(F1�̂ ) = Pr(1). Now, we can do the same procedure for%̂0 to �nd the superoperator

F0. These two superoperators together form an implementation of what is called a positive operator

valued measure (POVM).

Let us generalize this concept. Using a set of projection superoperatorsPn , we saw from above

that we can write a POVM implementation asFn =
P

m Pr(� n j' m ) Pm . Then, the probability of

measuring outcome� n is Pr(� n ) = Tr(Fn �̂ ) and the state after measurement is

%̂n =
Fn �̂

Tr(Fn �̂ )
: (1.3)

Therefore, for the extension to imperfect measurements using a POVM implementation, the super-

operatorFn plays the role analogous toPn in the PVM implementation. However, in general, the

set of operatorsFn are neither complete
P

n Fn 6= I nor idempotentFn 6= F 2
n .

In both the PVM and POVM implementations described above, the basis of projection operators

�̂ n (or projection superoperatorsPn ) determines how the measurement a�ects the state. However,

for a given set of measurement outcome probabilities Pr(� n j' n ), the set of superoperatorsFn is

not uniquely determined for a POVM. In the simpli�ed scenario above, I assumeda priori that the

measurement performed projections onto thefj"i , j#ig basis. However, this cannot be con�rmed

by only measuring the two quantum statesj"i andj#i . In practice, it is necessary to characterize the

measurement device by measuring multiple sets of orthogonal states to fully determine the unique

set of superoperatorsFn that form the POVM implementation. Furthermore, I have neglected

to describe the generalization ofFn where the comprising superoperatorsPm are not necessarily

projection superoperators. In fact, a general POVM implementation is built from any set of positive

operatorsF̂m = M̂ y
mM̂m known as POVM elements that satisfy the property

P
m F̂m = Î . Then,

the general form ofPm is the jump superoperator of̂Mm : Pm �̂ = M̂m �̂ M̂ y
m . The details of this

generalization and the general properties ofFn are given in Ref. [75].

18



1.2.2 Closed quantum systems

The time evolution of a quantum state is governed by the observable operator corresponding to the

total system energy�the HamiltonianĤ (t). This time evolution is described by the Schrödinger

equation

i~
d
dt

j (t)i = Ĥ (t) j (t)i ; (1.4)

where~ is Planck's constant. Here, I am using the total time derivative, as in Ref. [75], to illustrate

that the equation is basis independent, as opposed to a partial derivative used in the common

Schrödinger wave equation that additionally includes position as a variable. The solution to the

Schrödinger equation is given by the unitary transformation acting on the Hilbert spaceÛ(t; t 0),

wherej (t)i = Û(t; t 0) j (t0)i . This unitary operator also satis�es the Schrödinger equation

i~
@
@t

Û(t; t 0) = Ĥ (t)Û(t; t 0); (1.5)

with the initial conditionÛ(t0; t0) = Î . Here, I am using a partial derivative to emphasize thatt0

is held constant. Likewise, the evolution of the covectorh (t)j is given by the adjoint propagator

Ûy(t; t 0) and soh (t)j = h (t0)j Ûy(t; t 0).

For time-independent Hamiltonians, and like any matrix di�erential equation, the propagation

operator is readily computed by exponentiationÛ(t; t 0) = e� i (t � t0 )Ĥ=~, which can be solved by

diagonalizing the Hamiltonian̂H . For time-dependent Hamiltonians, it is possible to solve the

system using a time-ordered integration, analytic coarse graining [79], or by various numerical

integration techniques.

The evolution of the density operator is also governed by the propagatorÛ. Since each quantum

statej� n (t0)i that form a basis evolves likej� n (t)i = Û(t; t 0) j� n (t0)i (and similarly forh� n (t)j),

we have that̂� (t) = Û(t; t 0)�̂ (t0)Ûy(t; t 0). In fact, by taking the derivative of̂� (t), applying the

product rule, and using Eq. (1.5) along with its adjoint, we arrive at the von Neumann equation of
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motion for the density operator

i~
d
dt

�̂ (t) =
h
Ĥ (t); �̂ (t)

i
(1.6)

where[Â; B̂ ] = ÂB̂ � B̂ Â is the commutator of operatorŝA andB̂ .

I will follow the convention of [75] and de�ne a closed quantum system as one whose evolution

is described by the Schrödinger equation or von Neumann equation for mixed states. It is also

useful to distinguish a closed quantum system from an isolated quantum system, which is a closed

system where the Hamiltonian is time-independent. This latter case implies that the average energy

hĤ i of the system remains constant with respect to time. However, a closed quantum system can

still be externally manipulated, and hence experience a change in average energy.

One important property of a closed quantum system is that the trace purityP remains constant.

That is, an initial pure state will remain pure while an initial mixed state will stay just as mixed.

The proof of this follows readily from the fact that̂U is unitary, which impliesÛyÛ = Î , and

the cyclic property of trace. Because the evolution of a closed quantum system is governed by

a unitary transformation, it is also said to be time reversible. This means that an original state

j (t0)i can be recovered by applying the inverse transformationÛy(t; t 0) = Û(t0; t), which implies

Û(t0; t) j (t)i = j (t0)i for t0 � t. However, there are many quantum systems where reversible

evolution seemingly does not occur because they are not closed systems�they inevitably interact

with their environment.

1.2.3 Open quantum systems

In many cases, the size of the quantum system model would have to be very large to capture

all the interacting systems a�ecting the device. This is particularly true for solid-state based

quantum optical devices where there are many di�erent interacting subsystems, such as con�ned

electrons, charge noise, vibrations in the host lattice, a surrounding bath of nuclear spins, and

electromagnetic cavity modes. This makes an exact mathematical description of the dynamics

using the Schrödinger equation very di�cult to solve. Even if a solution is managed, the vast
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Figure 1.1: An illustration of an open quantum system within its environment. The open quantum
system is a�ected by the noisy environment. It also leaks information into the environment by, for example,
photon emission. This emission can be detected by an auxiliary measurement system to gain information
about the state of the open quantum system.

number of degrees of freedom also makes it di�cult to distill that solution into relevant results

that are easily applicable to experiments. Open quantum systems theory tackles this problem by

�rst reducing the state space of the total system using a series of approximations. However, the

dynamics of the resulting reduced state space is no longer governed by the Schrödinger equation as

irreversible state evolution becomes possible.

The �rst step towards obtaining the dynamics of the reduced system is to categorize the

subsystems composing the total system. Some subsystems may interact only weakly with other

subsystems such that they primarily introduce a quantum noise to the desired state evolution. Some

other subsystems may interact strongly, contributing signi�cantly to the quantum dynamics. Finally,

some subsystems may be measured by an external system to gain information about the state.

I will proceed in the fashion outlined above by dividing subsystems into three categories (see

Fig. 1.1). First, I call theopen quantum systemthe subsystem of interest combined with all

subsystems that strongly interact with it. The open quantum system is also generally referred

to as the reduced quantum system or, plainly, the quantum system. This open quantum system

interacts with itsenvironment, which is composed of the remaining subsystems that interact only

weakly with the open quantum system. Finally, we can have an auxiliary system which serves to

measure one or more subsystems of the environment. Thismeasurement systemmay be quantum
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or classical. However, in this thesis, I will only ever consider a classical measurement system.

Furthermore, if a subsystem in the environment has in�nite degrees of freedom, such as a continuum

of electromagnetic modes, it is called areservoir. If a reservoir is in a thermal equilibrium state, I

will refer to it as abath.

For now, let us set aside the measurement system and consider only the open quantum system

state�̂ S = TrE(�̂ ) and the environment statê� E = TrS(�̂ ), where Trk is the partial trace over

subsystems withink 2 f S; Eg. By applying the Schrödinger equation, the total system density

operator̂� = j ih j was found to followi~ d�̂ (t)=dt = [ Ĥ (t); �̂ (t)]. Then the reduced system state

formally satis�es the Liouville-von Neumann �rst-order di�erential equation

i~
d
dt

�̂ S(t) = TrE

h
Ĥ (t); �̂ (t)

i
: (1.7)

1.2.4 Markovian master equations

For any closed quantum system, there exists a dynamical mapÛ(t f ; t0) so that any future quantum

statej (t f )i = Û(t f ; t0) j (t0)i depends only on the current quantum statej (t0)i . In general, this

is not true for an open quantum system because the reduced system can alter its environment and

the environment can, in turn, a�ect how the reduced quantum system evolves. This environment

back-action means that the evolution of a quantum state�̂ S(t0) of the reduced system depends on

the system state before timet0. However, if the environment is a bath that returns to its equilibrium

state very quickly after a slight perturbation due to the evolution of the reduced quantum system,

the characteristic timescale� B of this back-action can be very short�meaning that the evolution of

�̂ S(t0) only depends on its history up to� � B backwards in time. This timescale is called the bath

memory time [75].

If the dominant dynamics of the reduced quantum system occurs on a timescale� S that is

much longer than the bath memory time� B , the evolution of the state of the reduced quantum

system approximately no longer depends on its history. In this case, there can exist a dynamical
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map such that any future state depends only on its current state. This property is known as

Markovianity [75]. All systems studied in this thesis are assumed to satisfy this very useful

property of Markovianity. Formally, a Markovian system is one where there exists a dynamical

mapU(t f ; t0) with the semigroup propertyU(t f ; t0)U(t0; t0) = U(t f ; t0) wheret f � t0 � t0 such

that the state of the open quantum system�̂ S at timet f is fully described bŷ� S(t f ) = U(t f ; t0)�̂ S(t0)

for anyt f � t0.

The superoperatorU is analogous to the unitary transformationÛ in that it serves as a propagator

of the system state but with the very important di�erence that the propagtion superoperatorU is

almost never unitary, meaning that it captures irreversible processes such as the spontaneous

emission of a photon from an excited emitter. It can also capture basic aspects of other decoherence

processes discussed in section 1.1.4.

For a �xed timet0, the superoperatorU(t; t 0) forms a quantum dynamical semigroup [75]. The

generator superoperatorL of this semigroup satis�es the partial di�erential equation

@
@t

U(t; t 0) = L (t)U(t; t 0) (1.8)

for t � t0. By multiplying both sides bŷ� S(t0), this gives rise to the most general form of the

Markovian master equation for the reduced system dynamics

d
dt

�̂ S(t) = L (t)�̂ S(t); (1.9)

where the generatorL is called the Liouville superoperator. Comparing this result to that of

Eq. (1.7), one can see that we should have

L (t)�̂ S(t) = �
i
~

TrE

h
Ĥ (t); �̂ (t)

i
: (1.10)

However, the right-hand-side of this equation does not, in general, allow for a quantum dynamical

semigroup. To deriveL (t), it is necessary to apply approximations to satisfy Markovianity [75].
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Not all physical systems can be successfully modeled using a Markovian master equation, and

there are many interesting situations where Markovian behaviour breaks down [80]. One such case

is when a reduced quantum system is manipulated faster than the bath memory time� B to decouple

it from its environment [71]. However, the phenomenological application of the Markovian master

equation allows for computationally tractable solutions that often correctly predict the general

behaviour of a device. It also allows for the derivation of simple bounds on �gures of merit for

devices or protocols, which can help guide experimental design and development.

The standard form of a Markovian master equation that preserves the properties of�̂ S was

derived by Lindblad, Gorini, Kossakowski and Sudarshan [81] and is given by

d
dt

�̂ S(t) = �
i
~

[ĤS(t); �̂ S] +
X

i;j

ui;j

�
L̂ i �̂ S(t)L̂ y

j �
1
2

n
L̂ y

j L̂ i ; �̂ S(t)
o �

(1.11)

where the Lindblad operatorŝL i are a unitless set of orthonormal operators acting on the reduced

system space,f Â; B̂g = ÂB̂ + B̂ Â is the anti-commutator, the coe�cientsui;j � 0 correspond to

the rate of system relaxation induced by the environment, andĤS is the reduced system Hamiltonian.

The exact form of these operators and corresponding coe�cients depends on the approach taken to

move from the Liouville-von Neumann form (Eq. (1.7)) to the Markovian form (Eq. (1.9)).

One popular approach to achieve Markovianity and derive the Lindblad operators depends

on the application of two main assumptions, which together are referred to as the Born-Markov

approximations [75]. The Born approximation assumes that the environment is a bath that is

weakly coupled to the open quantum system and that the total system state is initially separable

�̂ (t0) ' �̂ S(t0) 
 �̂ E(t0). The Markov approximation then assumes the necessary requirement

that � B � � S, so that the environment quickly returns to its initial equilibrium state. These two

approximations reliably produce the e�ects of spontaneous emission and allow for the derivation

of quantum optical master equations, as I will reference in the following section.

There are other approaches to solving open quantum system dynamics that do not require the

Born approximation, such as the derivation by a coarse graining of time [79]. This coarse graining
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approach can also reproduce the same Markovian master equation as the Born-Markov approach

for cavity quantum electrodynamics, which is the topic of section 1.3. Another approach that can

capture additional dynamics neglected by the Born-Markov approximations is obtained by applying

a weak-coupling approximation in a more mathematically rigorous way [80]. This approach

provides Lindblad operators and corresponding rate coe�cients that are often time dependent to

capture the nontrivial interaction dynamics between the reduced system and the bath. Although I

do not explore these forms of the Markovian master equation in this thesis, many of the methods I

use may be directly applied to more detailed Markovian models.

1.2.5 Multi-time correlations

Using a Markovian master equation, we can compute the state of the reduced system at any time

and also compute the expectation values of reduced system operators, which may be directly tied

to measured quantities of the environment. The expectation value of an operatorÂ in the reduced

system space in the Schrödinger picture is given byhÂ(t)i � Tr
�

Â�̂ (t)
�

, where I will denote�̂

as the reduced system density operator moving forward and take the trace to be over the reduced

system space unless otherwise speci�ed. Applying the solution to the master equation gives

hÂ(t)i = Tr
�

ÂU(t; t 0)�̂ (t0)
�

: (1.12)

It is convenient to de�ne the adjoint propagation superoperatorUy, which is de�ned as the dynamical

map satisfying Tr
��

Uy(t; t 0)Â
�

�̂ (t0)
�

= Tr
�

ÂU(t; t 0)�̂ (t0)
�

. Then, we can de�ne the operators

ÂH(t) in the Heisenberg picturêAH(t; t 0) = Uy(t; t 0)Â. With this notion, it is straightforward to

write out multi-time correlation functions in terms of the propagatorU. For example, consider the

two-time correlation function:

hÂ(t0)B̂ (t)i � Tr
�

ÂH(t0; t)B̂H(t; t 0)�̂ (t0)
�

= Tr
��

Uy(t0; t)Â
� �

Uy(t; t 0)B̂
�

�̂ (t0)
�

= Tr
�

ÂU(t0; t)B̂ �̂ (t)
�

;
(1.13)
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wheret0 � t � t0. This result can be extended to higher order multi-time correlation functions.

For more details on Heisenberg operators and the adjoint space, please again refer to Ref. [75]. For

the solution tohÂ(t)B̂ (t0)i , we can also use the useful Hermitian property thathÂ(t + � )B̂ (t)i =

hÂ(t � � )B̂ (t)i
�

where� > 0. Although I am using the Heisenberg picture to summarize the

result above for multi-time correlations, all the derivations and computations in this thesis are

performed in the Schrödinger picture. The above result is intuitive because it implies that two-time

correlation functions can be computed by propagating the initial state�̂ (t0) forward until timet

when the �rst operator̂B is applied, then propagating the result forward again until timet0when the

second operator̂A is applied. It also leads to a useful theorem pertaining to the coupled di�erential

equations of two-time correlation functions for Markovian systems called the quantum regression

theorem, which I will present in section 1.5.2.

We can also formulate multi-time correlation functions in terms of superoperators, which

provides physical intuition and a simple approach to computation in the Fock-Liouville space (to be

presented in section 1.5.1). For example, consider the two-time second-order correlation function

G(2) (t; t 0) = hÂy(t)Ây(t0)Â(t0)Â(t)i . Let us then de�ne the jump superoperatorJ , which is of the

form J �̂ = Â�̂ Ây for an operator̂A. Then the correlation is written in a transparent way:

G(2) (t; t 0) = Tr(J U (t0; t)J U (t; t 0)�̂ (t0)) : (1.14)

From this notation it is clear that the system propagates from timet0 to timet when it jumps by the

instantaneous action of̂A. Then it propagates to timet0when it jumps again. We can then interpret

G(2) (t; t 0) as being an unnormalized probability density function of the system jumping once at

time t and again at timet0. This superoperator notation can be extended to arbitrary time-ordered

multi-time correlation functions [75].
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1.3 Quantum electrodynamics

The work presented in this thesis is foremost an application of quantum electrodynamics (QED)

to study and propose optical devices and protocols. QED develops from the quantization of the

general solution to the classical electromagnetic wave equation [82]. When subject to boundary

conditions dictated by an arbitrary mode volumeV, the classical free-space �eld solution to the

wave equation is given by a summation of forward-propagating and backward-propagating plane

waves of frequency! k with discrete wave vectorsk and polarizationu � (k), where� is one of two

possible polarizations of the plane wave. By quantizing the plane-wave amplitudes of the electric

�eld solution and subjecting them to the canonical commutation relations [83], the quantized

electric �eld in a homogeneous dielectric material is found to be

Ê(r ) = �
X

k ;�

r
~! k

2n2"0V

�
u � (k)â� (k)ei k �r + u �

� (k)ây
� (k)e� i k �r

�
; (1.15)

wherer is the position in space withinV, n is the index of refraction, and"0 is the vacuum permi-

tivity. The quantized amplitudeŝay
� (k) (â� (k)) are the photon creation (annihilation) operators that

satisfy the canonical commutation relations[â� (k); ây
� 0(k0)] = � k ;k 0� �;� 0, where� is the Kronecker

delta function de�ned by� ij = 1 if i = j and � ij = 0 if i 6= j . The creation and annihilation

operators are ladder operators of a quantum harmonic oscillator. When these operators act on

the statejni of the quantized mode containingn photons, the energy of the state is increased

ây jni =
p

n + 1 jn + 1i or decreased̂a jni =
p

n jn � 1i by one quantum of energy~! k . The

creation and annihilation operators are not observables sinceâ 6= ây; however, the electric �eld

operator is an observable sinceÊy = Ê.

Using the quantized electric �eld, we can obtain the Hamiltonian of the �eld as a summation

of the total quantum harmonic oscillator energy [83] for each mode

ĤE =
X

k ;�

~! k

�
1
2

+ ây
� (k)â� (k)

�
; (1.16)
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where often the divergent vacuum energy
P

k ~! k =2 is physically inconsequential and ignored by

renormalization [75, 83].

If the mode volume is physically con�ned in such a way to support only a single mode

with wavenumberk and polarizationu(k) within V, we obtain the one-dimensional single-mode

waveguide �eld

Ê(x) = �
X

k

r
~! k

2n2"0V

�
u(k)b̂(k)eikx + u � (k)b̂y(k)e� ikx

�
; (1.17)

whereb̂y andb̂are the photon creation and annihilation operators of the waveguide.

1.3.1 Spontaneous emission and pure dephasing

One of the most simple quantum system models with non-trivial dynamics is the two-state system,

or two-level system. These two states could represent di�erent electronic or molecular orbitals of a

defect, two di�erent spin states, or any two substates that are decoupled from a larger Hilbert space.

A two-level dipole emitter is a two-level system of di�erent electronic states with a ground

statejgi and an excited statejei separated by an average energy~! o. The Hamiltonian is given by

Ĥo = ~! o�̂ y�̂ where�̂ y = jeihgj is the raising operator and̂� = jgihej is the lowering operator.

The de�ning characteristic of a two-level dipole emitter is that it has a non-zero electric transition

dipole moment between the two levels. This can arise if the electronic orbitals have di�erent

symmetry so that there is a shift in charge distribution when moving from one state to another. The

dipole operator is a vector operatord̂ = q̂r analogous to the classical dipole moment, whereq is

the electric charge and̂r is the position operator. The transition dipole moment is thenhgjq̂r jei ,

which is nonzero for an emitter.

Under the dipole approximation, the interaction Hamiltonian for an emitter at positionr o in

an electric �eld is given by� d̂ � Ê(r o) [83]. Using the quantized electric �eld from the previous

28



section, this gives us the total emitter-�eld Hamiltonian

Ĥ = ~! o�̂ y�̂ +
X

k ;�

~! k ây
� (k)â� (k) +

X

k ;�

r
~! k

2n2"0V
d̂ �

�
u � (k)â� (k)ei k �r o + u �

� (k)ây
� (k)e� i k �r o

�
:

(1.18)

To obtain a Markovian master equation for the dynamics of the two-level emitter, we can follow

Ref. [75] by applying the Born-Markov approximations to the Liouville-von Neumann equation

corresponding to Eq. (1.18). If we also assume that the electric �eld is a bath with a temperature

T, then we arrive at the quantum optical master equation for the reduced systemd�̂=dt = L �̂ given

by the Liouville superoperator [75]

L = �
i
~

H + 
 + D(�̂ y) + 
 � D(�̂ ); (1.19)

whereH is the Liouville-von Neumann superoperator de�ned byH �̂ = [ ĤS; �̂ ] corresponding

to the reduced system Hamiltonian̂HS = ~! o�̂ y�̂ . The dissipation superoperatorD is given by

D = J � A =2, whereJ is the jump superoperator de�ned byJ (Â)�̂ = Â�̂ Ây and A is the

amplitude damping superoperator de�ned byA(Â)�̂ = f ÂyÂ; �̂ g. The temperature-dependent

rates associated with the dissipation superoperators are
 + = 
 rn(T) and 
 � = 
 r(1 + n(T)),

where


 r = 
 � � 
 + =
n! 3

od2

3�" 0~c3
; (1.20)

is the zero-temperature radiative rate [83],d = jdj is the dipole magnitude,n(T) = ( e~! o=kB T � 1)� 1

is the average number of photons in the mode of the �eld that is resonant with the two-level system,

andkB is the Boltzmann constant. The reduced system resonance frequency! o is slightly di�erent

from the original frequency due to the Lamb shift induced by the vacuum �uctuations of the

electromagnetic �eld and a possible thermal Stark shift ifn(T) 6= 0. However, since this only

amounts to a shift in the zero-point energy, I will continue to write! o without speci�cation.

The result of spontaneous emission is profound because it shows that an excited quantum dipole

emitter will dissipate its energy into the environment by spontaneously emitting a single photon of
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frequency~! o at the rate
 r even if the electromagnetic �eld is in the vacuum state (T = 0). This

passive coupling to the electromagnetic vacuum causes the emitter to experience decoherence. To

see this, consider an arbitrary initial state of the two-level systemj (0)i = � jgi + � jei , where�

and� are complex amplitudes satisfyingj� j2 + j� j2 = 1. At low temperature wheren(T) ' 0,

the Liouville superoperator in the frame rotating at the emitter resonance! o is L = 
 rD(�̂ y)

corresponding to the propagatorU(t; t 0) = eL (t � t0 ) . Then the state of the reduced system at timet

is computed bŷ� (t) = U(t; 0) j (0)ih (0)j to give

�̂ (t) =
�
j� j2 + j� j2(1 � e� 
 r t )

�
jgihgj + j� j2e� 
 r t jeihej + ( � � � jeihgj + �� � jgihej) e� 
 r t=2:

(1.21)

From Eq. (1.21) for̂� (t), we can see that the coherencehej�̂ jgi is degraded at the rate
 r=2

while the excited state population decays at the rate
 r . Another interesting observation is that the

trace purityP = Tr(�̂ 2(t)) of the state is degraded during emission, meaning that the coherence

is not always saturated to the upper bound dictated by the populations. For any initial pure state

j (0)i of the emitter, the trace purity begins at 1 and reaches a minimum value of min(P) =

j� j4 + 2j� j2j� j2 + j� j4=2 at the timetmin = ln(2) =
 r before increasing back to unity as the emitter

settles to its ground statejgi . This purity dip is related to the fact that the emitter brie�y becomes

entangled with the electromagnetic environment during spontaneous emission, which is the topic

of section 3.3.3.

In some systems, especially those in a solid state environment, the total dissipative rate of decay


 can be larger than the radiative rate
 r . An increased decay rate can be caused by non-radiative

decay pathways that can emit phonons instead of photons. This additional non-radiative decay rate


 nr can be accounted for in a phenomenological way by replacing
 r with 
 = 
 r + 
 nr .

In addition to an increased dissipative rate, solid-state environments can cause the rate of

decoherence to be even larger than the
= 2 predicted by the total dissipation alone. This can occur

when environmental �uctuations, such as charge noise, cause the emitter resonance! o to rapidly

�uctuate in time on a timescale faster than its decay rate. Alternatively, this dephasing can be seen
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as random elastic scattering of particles o� of the emitter, such as phonons. These particles can

carry information about the emitter state into the environment. From either perspective, the result

is that the phase of emitter superposition states becomes dependent on (or entangled with) the state

of the environment. Looking in the reduced state picture, this emitter-environment entanglement

manifests as random phase �uctuations, which on average decrease the emitter coherence. This

dephasing of the emitter coherence is referred to aspure emitter dephasing.

For some emitters, such as quantum dots, pure dephasing due to phonons can be modeled

by rigorously including electron interactions with a continuum of longitudinal acoustic phonon

modes [84, 85]. For example, this can be done using a polaron transformation and a subsequent

Markovian approximation to obtain a master equation [84]. However, the exact quantum processes

that account for all pure dephasing phenomena for any given solid-state system are often unidenti�ed

or very complicated to rigorously include. Regardless of its origin, we can still account for

pure dephasing in a less-accurate phenomenological way [86] by considering the e�ect of the

superoperatorD(�̂ y�̂ ). If we consider just the dynamics induced by the Liouville superoperator

L = 2
 ?D(�̂ y�̂ ), we can see that for an initial statej (0)i as above, we get the solution̂� (t) =

j� j2 jgihgj+ j� j2 jeihej+ e� t
 ?
(�� � jgihej + � � � jeihgj). Hence, the coherencehgj�̂ jei will degrade

exponentially at an additional rate
 ? while leaving the population untouched. By including the

additional term2
 ?D(�̂ y�̂ ) along with
 D(�̂ ), the total decoherence rate of the emitter becomes

� =2 where� = 
 + 2
 ?. The rate� is also the spectrally-broadened full width at half maximum

(FWHM) of the Lorentzian emission line of the �uctuating emitter. Note that there are two

conventions for de�ning the pure dephasing rate
 ? that di�er by a factor of two: (1) as decay rate

of theamplitudeof the coherence such that the FWHM is� = 
 + 2
 ? and (2) as the decay rate of

thesquared magnitudeof the coherence such that the FWHM is� = 
 + 
 ?. This thesis uses the

former convention with the exception of section 3.1 where the latter convention is used.

In the literature, the total decay rate
 , pure dephasing rate
 ?, and emitter linewidth� are

often expressed as a decay time rather than a rate, similar to theT1 andT2 notation in the �eld

of nuclear magnetic resonance [87]. Drawing from the notation convention used in Ref. [86] for
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optical systems, and being careful to note the factor of 2 di�erence in choice of de�nition for
 ?,

we have thatT1 = 1=
 , T �
2 = 1=
 ?, andT2 = 2=� . This implies that1=T2 = 2=T1 + 1=T�

2

and2T2 � T1. In addition, it is common to specify the radiative component of the decay time

T1;rad = 1=
 r . When appropriate, e.g. for spin qubits, we can also distinguish between spontaneous

decayT �
1 = 1=
 � and incoherent (thermal) excitationT+

1 = 1=
 + for a model utilizing the general

form of Eq. (1.19).

The assumption that the coupling between the emitter and the bath is weak is implicit in the

Born-Markov approximations used to derive spontaneous decay and thermal excitation. IfV is small

enough for a particular mode that is resonant with the two-level system, it is possible to violate the

Born-Markov weak-coupling condition. This scenario can be described by the Jaynes-Cummings

Hamiltonian, which is the topic of the next section.

1.3.2 Jaynes-Cummings Hamiltonian

Suppose that we con�ne the electromagnetic �eld to one dimension so that the modes along this

direction are described as in Eq. (1.17). However, now let us assume that the modes are highly

con�ned so that the quantized mode resonances are far separated in frequency (! k are far apart).

This can occur if, for example,V is on the order of the cubic wavelength of the mode resonance.

This con�nement of an electromagnetic mode is called a cavity.

If a two-level emitter with oscillation frequency! o is placed inside this cavity, it will now

primarily couple to the cavity mode resonance! k that is closest to! o, which I call! c. For simplicity,

let us assume that the dipole is oriented parallel to the cavity mode polarization direction and that

it is placed at the antinode of the electric �eld so that the coupling is maximized. Under these

conditions, the cavity-emitter dipole interaction can be much stronger than the coupling between

the emitter and the rest of the electromagnetic bath. This violates the weak-coupling assumption

used in the previous section. Considering only this single cavity mode-emitter interaction, in the
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dipole gauge [88], we can write the quantum Rabi model Hamiltonian

Ĥ = ~! o�̂ y�̂ + ~! câyâ + ~g(�̂ + �̂ y)( â + ây) (1.22)

whereâ (ây) is the cavity mode photon annihilation (creation) operator and

~g = d

r
~! c

2n2"0V
(1.23)

is the vacuum cavity-emitter coupling rate andd is the dipole magnitude of the emitter. Here, I

am choosing a phase convention whereg is a positive real-valued rate. If the dipole is not oriented

perfectly or placed at an antinode, the magnitude of the coupling coe�cientg will be reduced from

its maximum value.

For optical systems, the cavity-emitter coupling rateg is usually on the order of GHz at

most. This is much smaller than! o ' ! c, which generally both fall into the THz regime. Thus,

this thesis deals exclusively with interaction strengths where the quantum Rabi model satis�es

gauge invariance [88]. As an additional consequence, the eigenenergies of the system are only

slightly perturbed in magnitude and are on the order of! o � g ' ! o. This allows us to make

an important simpli�cation called the rotating wave approximation [83, 89]. To easily see how

this approximation can be implemented, we must �rst move into the interaction picture [75] by

transformingĤ by the unitary transformation̂U = e� it Ĥ 0=~ given by the homogeneous part of the

HamiltonianĤ0 = ~! o�̂ y�̂ + ~! câyâ. In this interaction picture, we havêH I = ÛyĤ Û � Ĥ0,

which gives

Ĥ I = ~g
�
�̂ âeit (� ! o � ! c) + �̂ yâyeit (! o+ ! c) + �̂ âyeit (� ! o+ ! c) + �̂ yâeit (! o � ! c)

�
: (1.24)

The �rst two terms show a phase rotation at the rates� (! o + ! c) while the second two terms show

a phase rotation at the rates� (! o � ! c). Hence, the �rst two terms will only contribute to the

dynamics of the system if the coupling rateg is on the order of or bigger than the sum of! o and! c
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whereas the second two terms simply requireg to be on the order of or bigger than the di�erence

! o � ! c. For optical systems, the former case is very di�cult to achieve (see more on this in section

1.3.5). Thus, we can eliminate the �rst two terms for having a much faster phase rotation.

By using the rotating wave approximation to eliminate the terms with a fast phase rotation, and

transforming back into the original picture, we arrive at the Jaynes-Cummings Hamiltonian for a

cavity-emitter system

Ĥ = ~! o�̂ y�̂ + ~! câyâ + ~g(�̂ ây + �̂ yâ): (1.25)

The physical interpretation of this Hamiltonian is clear. The emitter and the cavity mode both

evolve with their respective homogeneous frequencies of! o and! c. The interaction term coherently

converts a single excitation of the emitter into a single photon in the cavity or vice versa at the

cavity-emitter coupling rateg.

The Jaynes-Cummings Hamiltonian has been very successful at explaining the quantum coher-

ent interaction between an emitter and a cavity mode in the optical regime. However, its derivation

makes a simplistic assumption about the spectrum of the cavity resonance that may be violated in

some systems. Furthermore, the quantization of the electromagnetic �eld used here assumes that

the entire �eld is con�ned perfectly to the mode volumeV. Of course, this is never true because

light inevitably leaks out of the cavity or becomes absorbed by the material forming the cavity. In

section 1.3.7, I will brie�y introduce a more general approach that can account for both of these

failings. However, in the sections preceding that discussion, I will introduce a simpler and more

common approach that only accounts for the lossy nature of a nearly-ideal single-mode cavity with

de�ned boundaries.

1.3.3 Input-output theory

The cavity mode that gives rise to the Jaynes-Cummings interaction discussed in the previous

section can inevitably lose energy into the environment. This cavity disspation can be modeled by

considering that the electromagnetic �eld of the cavity mode must satisfy certain electromagnetic
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boundary conditions at the edges of the cavity mode volumeV. This gives rise to an additional

coupling between the con�ned cavity mode and the continuum of uncon�ned modes surrounding the

cavity. These boundary conditions are re�ected by the input-output relations derived by Gardiner

and Collett [90].

The input-output relation between the con�ned modeâand the remaining 1-dimensional contin-

uum of modes (or waveguide mode) is,b̂(t) � b̂o(t) =
p

�� câ(t), wherêbis the forward propagating

waveguide mode and̂bo is the reverse-propagating input waveguide mode. This holds in the limit

that the cavity has a very low dissipative rate, or that it is highly re�ective. For optical light, we

can assume that the input waveguide mode is in the vacuum state since the thermal occupation

n(T) is very small for frequencies on the order of THz, even at room temperature. The collection

e�ciency � c can be introduced by assuming that the cavity has two possible decay channels, one

into the waveguide at the rate� c and another� � � c due to emission into other propagating modes

or absorption losses. Then� c = � c=� is the collection e�ciency of the waveguide. We can further

take into account the propagation phases of these �elds to yieldb̂(t)eikx =
p

�� câ(t) + b̂o(t)e� ikx .

This thesis deals exclusively with photon counting measurements of one or more waveguide

modes. I will not explore measurements where it is necessary to consider the direct impact of

vacuum �uctuations, such as quadrature measurements. As a result, I quite often write the direct

equivalence between system operators and waveguide operators, such asb̂(t) =
p

�� câ(t)e� ikx ,

when computing quantities related tob̂. This is common practice in the literature [91�93]. However,

this proportionality should be seen as a short-hand notation because it violates the necessary

commutation relations for the propagating modeb̂.

1.3.4 Dissipative cavity quantum electrodynamics

By accounting for the input-output coupling of the cavity mode and the waveguide, and subsequently

tracing out the waveguide states, we arrive at the master equation for the reduced cavity-emitter

system given by the Liouville superoperatorL = � iH=~ + 
 D(�̂ ) + � D(â), where the cavity-
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emitter Hamiltonian superoperatorH �̂ = [ Ĥ; �̂ ] is given by Eq. (1.25) [75]. Here, I have taken the

temperatures of both environment baths of the emitter and cavity to be such that~! � kBT so that

only spontaneous emission remains.

One last important ingredient that we need in order to arrive at a functional device model is the

ability to externally control our two-level system within the cavity. This can be done by illuminating

the two-level system with coherent laser pulses. If these pulses occupy electromagnetic modes that

do not couple to the previously-described cavity mode or the collection waveguide mode, we can

make a semi-classical approximation for the dipole interaction Hamiltonian and append it to our

Jaynes-Cummings Hamiltonian with few negative consequences [75, 91]. In the semi-classical

approximation of the dipole interaction� d̂ � E, the electromagnetic �eld is taken to be classical

while the dipole remains quantized. This gives the semi-classical driving Hamiltonian in the

rotating wave approximation

ĤD = � d̂ � E(t) '
~
2

�

 � (t)�̂e i! L t + 
( t)�̂ ye� i! L t

�
; (1.26)

where
( t) is the Rabi frequency induced by the coherent driving of frequency! L . This direct

emitter driving scenario occurs in practice using a cross-polarization setup where excitation and

emission are orthogonally polarized [68][vi]. In addition, it is possible that the semi-classical drive

is applied to the emitter via a cavity mode orthogonal toâ, which can increase
 and may also

distort pulses that are spectrally broad compared to the cavity linewidth.

Taking into account the semi-classical driving Hamiltonian and the phenomenological pure

dephasing term introduced in section 1.3.1, we arrive at the driven dissipative cavity QED Marko-

vian master equation model used in this thesis. This master equation is described by the Liouville

superoperator

L (t) = �
i
~

H(t) + � D(â) + 2 
 ?D(�̂ y�̂ ) + 
 D(�̂ ); (1.27)

where

Ĥ (t) = ~� o�̂ y�̂ + ~� câyâ + ~g
�
ây�̂ + â�̂ y

�
+

~
2

�

 � (t)�̂ + 
( t)�̂ y

�
; (1.28)
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Figure 1.2:The emitter-cavity system coupled to a one-dimensional collection waveguide.The emitter
with optical frequency! o, represented by the lowering operator�̂ = jgihej, experiences pure dephasing at
the rate
 ? and decays from its excited statejei to its ground statejgi at the rate
 . Part of the dissipated
energy is radiated into the environment at the rate
 r . The cavity mode with frequency! c, represented by the
bosonic annihilation operatorâ whereâ jni =

p
n jn � 1i , decays exponentially into the environment at the

rate� . The interaction between the cavity mode and the optical transition of the emitter is described by the
Jaynes-Cummings interaction with a coupling rate ofg. The input-output relation describes the propagating
modêbof the one-dimensional waveguide mode, which depends also on the collection e�ciency� c, position
along the waveguidex, and the wavenumberk. The vacuum input modêbo of the collection waveguide must
be included to satisfy the commutation relations, although it does not contribute to intensity measurements
of the waveguide mode.

and with a collection waveguide mode given byb̂(t) =
p

�� câ(t)eikx . In writing the Hamiltonian, I

have moved into the rotating frame de�ned by the driving laser frequency! L to remove the explicit

time-dependent phase. This is done by applying the unitary transformationÛ = e� i! L t ( �̂ y �̂ + ây â) to

the original Hamiltonian. Hence,� o = ! o � ! L is the detuning between the emitter resonance

and the driving frequency and� c = ! c � ! L is the detuning between the cavity resonance and the

driving frequency. Fig. 1.2 shows a summary diagram of this quantum model for
( t) = 0 and

emitter-cavity detuning� = ! o � ! c.

In many cases studied in this thesis, I assume that the emitter is initially perfectly prepared in

the excited statejei . For the cavity QED model above, this can be achieved by applying a square

� pulse with non-zero amplitude
 = �=t p during a duration of timetp. Then, if tp is much

smaller than the timescale of the remaining system dynamics (so that the pulse is very fast), the
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initial emitter statejgi is excited perfectly tojei aftertp. Although this perfect� pulse excitation is

achievable using the Markovian master equation model, in practice there are limits to the regimes

where it is valid. In particular, phonon damping of the solid-state emitter will prevent arbitrarily

perfect excitation and the Markovian approximation breaks down whentp is reduced to be on the

order of the phonon bath memory time [67]. In addition, emission can occur during the excitation

pulse iftp is not much faster than the total emitter decay rate. This may cause re-excitation to occur,

leading to multi-photon emission. These additional details generally hinder the perfect operation

of a device. Hence, in the spirit of this thesis, the perfect excitation approximation serves to derive

general bounds on �gures of merit and explore the general regimes of operation for a device. That

said, I do also extensively explore multi-photon e�ects and re-excitation processes in section 3.2.

To get insight into the emission dynamics in the idealized scenario where the emitter is perfectly

excited, we can derive a set of di�erential equations known as the optical Bloch equations for when


 = 0 . These describe the time dynamics of the expectation values of the operators�̂ andâ. In the

Schrödinger picture, we havedhÂ(t)i =dt = Tr
�

ÂL �̂ (t)
�

for an operatorÂ in the Hilbert space.

Applying this to�̂ andâ, where for convenience I will drop the explicit dependence on time, gives

d
dt

ĥ� i = � i � ĥ� i + ig ĥa�̂ zi �
�
2

ĥ� i

d
dt

ĥai = � ig ĥ� i �
�
2

ĥai ;
(1.29)

where I have set� c = 0 so that the cavity frequency! c de�nes the reference frame,� = 
 + 2
 ?

is the FWHM of the homogeneously broadened spectrum of the emitter. Recall from section

1.3.1 that the quantity� =2 here describes the total decoherence of the emitter two-level system.

The correlation functionĥa�̂ zi couples these two equations to an in�nite series of equations of

motion for higher-order correlation functions. However, if the system begins with at most one

excitation, either in the emitter or cavity, then the state subspace accessible to the system reduces to

fj g; 0i ; jg; 1i ; je; 0ig . In this subspace, the operatorâ�̂ z vanishes when acting on all states except

jg; 1i where it returns� j g; 0i . Hence, in this single-excitation approximation we haveâ�̂ z = � â,
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which decouples the above coupled di�erential equations from the higher-order correlations.

Using the master equation, we can also derive the equations of motion for the populationsĥ� y�̂ i

andĥayâi as well as correlationsĥay�̂ i andĥa�̂ yi in the single-excitation approximation, which are

d
dt

ĥ� y�̂ i = � ig ĥa�̂ yi + ig ĥay�̂ i � 
 ĥ� y�̂ i

d
dt

ĥa�̂ yi = i � ĥa�̂ yi � ig ĥ� y�̂ i + ig ĥayâi �
1
2

(� + �) ĥa�̂ yi

d
dt

ĥay�̂ i = � i � ĥay�̂ i + ig ĥ� y�̂ i � ig ĥayâi �
1
2

(� + �) ĥay�̂ i

d
dt

ĥayâi = ig ĥa�̂ yi � ig ĥay�̂ i � � ĥayâi :

(1.30)

If the emitter-cavity correlations decay very quickly compared to the coupling rate so that2g < � +� ,

then the emitter-cavity system is said to be in the weak-coupling regime. I will present the di�erent

regimes of cavity QED in more detail in the following section. In the weak-coupling regime and

when the initial system state does not give cavity-emitter correlations, the values ofĥa�̂ yi andĥay�̂ i

can be adiabatically eliminated [94]. This is done by setting their time derivatives to zero so that

the correlations depend on time implicitly through the populationsĥ� y�̂ i andĥayâi . Solving the

resulting linear system of equations for the correlations gives

ĥa�̂ yi
�

= ĥay�̂ i =
2ig

� + � + 2 i �

�
ĥ� y�̂ i � h âyâi

�
: (1.31)

Substituting this solution into the set of di�erential equations results in

d
dt

ĥ� y�̂ i = � (
 + R) ĥ� y�̂ i + R ĥayâi

d
dt

ĥayâi = � (� + R) ĥayâi + R ĥ� y�̂ i ;
(1.32)

where

R =
4g2(� + �)

(� + �) 2 + 4� 2
(1.33)

is the e�ective rate of population transfer between the emitter and the cavity. This rate is maximized

under the resonant condition� = 0 , giving R = 4g2=(� + �) . Although this quantityR only
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accurately approximates the rate of emitter-cavity population transfer when2g < � + � , it is still a

very useful quantity to discuss and explain various emitter-cavity behaviours. For this reason, the

quantityR will be discussed even when� + � � 2g. Furthermore, from Eq. (1.32), we can see

that the e�ective decay rate of the two-level system becomes
 + R. This decay rate enhancement

is called the Purcell e�ect [95], and it is quanti�ed by the unitless quantity known as the Purcell

factor.

The Purcell factorFp is de�ned as the ratio of the cavity-enhanced radiative rate emitted through

the cavity mode to the bare radiative rate
 r of the emitter. In the weak-coupling regime [94, 96],

this cavity rate isR and so

Fp =
R

 r

=
4g2(� + �)


 r(� + �) 2 + 4� 2
: (1.34)

Recall from section 1.3.2 that the cavity coupling rate can be written asg = d
p

! c=2n2"0~V. In

addition, in section 1.3.1, we found that
 r = n! 3
od2=3�" 0~c3. Substituting these intoFp, we have

Fp =
4g2


 r �
Finh =

�
2! cd2

n2"0~V

� �
3�" o~c3

n! 3d2�

�
Finh =

3
4� 2

�
�
n

� 3 �
Q
V

�
Finh ; (1.35)

whereQ = ! c=� is the cavity quality factor and� = 2�c=! o is the emission wavelength in the

vacuum. The inhibition factor due to detuning and emitter dephasing is

Finh =
� (� + �)

(� + �) 2 + 4� 2
: (1.36)

Note that I am still assuming that the dipole is oriented and positioned to maximize the cavity-

emitter coupling rate. The more general expression would have an additional inhibition factor

Fgeom that depends on the geometry of the emitter-cavity system. The above result is valid for a

phenomenological pure dephasing model. It is also possible to derive Purcell inhibition factors

that rigorously include the electron-phonon interactions giving rise to emitter dephasing, which

consequently a�ect the cavity-emitter interaction [97]. These more detailed approaches are highly

applicable to quantum dot systems, especially those that operate at warmer temperatures.
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The expression given by Eq. (1.35) illustrates that the Purcell factor is proportional to the ratio

of the cavity quality factorQ to the cavity mode volumeV. Thus, the decay rate enhancement

experienced by the emitter is larger if the cavity is smaller for a givenQ or if the cavity dissipates

energy into the environment more slowly for a givenV. However, the validity of the Purcell factor

is restricted to the weak-coupling regime of cavity QED. If a cavity approaches the bounds of this

regime, the Purcell factor expression derived above can over-estimate the decay rate enhancement.

In section 3.1.5, I will generalize the Purcell factor to include this additional inhibition e�ect

induced by strong cavity coupling. In the following section, I will expand on the di�erent regimes

of cavity QED.

1.3.5 Regimes of cavity quantum electrodynamics

Depending on the relative magnitudes of the optical emitter-cavity QED system parameters, the

dynamics of their interaction can be categorized into various regimes that display particular prop-

erties. The names of these regimes vary in the literature and so for clarity I will de�ne my choice

of vernacular following the convention taken in Ref. [96], which is somewhat followed in Ref. [86]

as well.

In this section, I will assume that the emitter is resonant with the cavity so that� = 0 . I will

also not consider regimes related to ultra-strong or deep-strong coupling [98, 99], where the cavity

couplingg is on the order of or greater than the frequency of the emitter! o, which invalidates

approximations made to obtain the Jaynes-Cummings model. This requiresg to be orders of

magnitude larger than what has been demonstrated for a single optical emitter. However, e�ects of

this regime can be observed in microwave systems where! o is much smaller or for ensembles of

emitters whereg is e�ectively enhanced tog
p

No for No emitters and may one day be reached for

a single optical emitter.

The cavity system can be �rst divided into the strong (2g � � + � ) and weak (2g < � + � )

coupling regimes (see Fig. 1.3 (a)). Note that it is equivalent to de�ne them as2g � R for
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(a) (b) (c)

Figure 1.3: Log-scale illustrations of emitter-cavity QED regimesas a function of the cavity decay
rate� and cavity coupling rateg, inspired by plots from Ref. [86]. (a) The division of the strong-coupling
(blue) and weak-coupling (red) regimes by the curveR = 2g drawn in black, whereR = 4g2=(� + �) ,
� = 
 + 2 
 ?, 
 is the bare emitter decay rate, and
 ? is the emitter pure dephasing rate. (b) The division of
the good-cavity (purple) and bad-cavity (orange) regimes separated by the lineR = � . The hatched region
indicates the Purcell regime (R=
 � 1) where the cavity can greatly enhance the emitter decay rate. Note
that the entire region in the top right corner where�; R > 
 (indicated by the dashed lines) can also allow
for a Purcell enhancement, but the spectrum will show a vacuum Rabi splitting when2g > R and then the
standard Purcell factor is invalid. (c) The critical coupling (green) and incoherent-pumping (cyan) regimes
that allow for spectrally/temporally pure emission from the cavity mode. The curve labeled byR = �
shows the Goldilocks condition, which extends into both the green and cyan regions (red dashed lines). The
faded gray hatched area shows the Purcell regime from panel (b) and the red hatched area shows the overlap
between the critical regime and the Purcell regime. Panels (b) and (c) are drawn under the assumption that

 � 2
 ? so that� ' 2
 ?.

strong coupling and2g > R for weak coupling. The strong-coupling regime is attained when the

cavity coupling rate exceeds the decay rate of the cavity-emitter correlations, causing vacuum Rabi

oscillations. This is also characterized by a visible vacuum Rabi splitting in the emission spectrum.

The spectrum provided in the weak-coupling regime remains Lorentzian in shape, albeit with a

width and quantum characteristics that further depend on the parameters.

The cavity system is said to be in the good-cavity regime when the emission rate from the cavity

is slower than the e�ective rate of population transfer from the emitter (� < R ) and otherwise it

is said to be in the bad-cavity regime (� � R) (see Fig. 1.3 (b)). It is also important to consider

the regime where an enhancement of the emission rate is induced by the cavity. The enhancement

occurs when the ratesR and� both exceed the emitter lifetime
 , shown by the upper right region
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bounded by the dashed lines in Fig. 1.3 (b). Within this regime of enhancement, the area that is

also within the weak-coupling regime is the classic Purcell regime, where the Purcell factor is valid

and larger than 1.

In the case that
 ? is very small, all the regimes discussed so far will allow for emission that is

spectrally pure, meaning that emission is in a pure quantum state. For pulsed systems, the emission

will also be temporally pure and sequentially indistinguishable (I will discuss indistinguishability

more in section 1.4.4). However, for a pulsed resonantly excited emitter that experiences dephasing,

there are two regimes where highly indistinguishable emission can be achieved. I will refer to these

two regimes as the incoherent pumping regime (R; � < 
 ) and the critical regime (R; � > � )

(see Fig. 1.3 (c)). The incoherent pumping regime is named so because the emitter ine�ciently

and incoherently excites the cavity mode so that the characteristics of emission are dominated by

the cavity rather than the emitter. Since the cavity acts as the emitter, and it does not su�er from

dephasing, indistinguishable emission can be achieved [86]. I refer to the other regime as the critical

regime because it allows for system dynamics that are reminiscent of a critically damped oscillator,

although not all points within this regime satisfy that analogy. In this regime, the emission rate is

so fast that it overcomes the dephasing rate, allowing for indistinguishable emission.

These latter two regimes contain the conditionR = � that de�nes the boundary between the

good- and bad-cavity regimes, which is a `Goldilocks condition' [100] for single-photon sources.

This condition implies that the cavity mode decays at the same rate that it is e�ectively populated

by the emitter. Here, the perfect balance is struck between having a cavity that is good enough

to enhance the light-matter coupling but still dissipative enough to not prolong the light-matter

interaction. In the critical regime, this condition reduces to� = 2g, which is analogous to an

impedance matching condition, allowing for an e�cient transfer of emitter population into the

environment. In the incoherent pumping regime, the condition reduces to� � = 4 g2. Of these two

regimes, only the critical regime is within the region where a signi�cant rate enhancement can be

achieved. It also lies on the boundary between the strong-coupling and the weak-coupling regimes.

This boundary is de�ned byR = 2g, which incidentally converges to the Goldilocks condition
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in the critical regime. The small region between this boundary and the curveR = � is the only

region where the standard Purcell factor is valid (there are no vacuum Rabi oscillations) and the

emission is highly indistinguishable. Interestingly, reasonably e�cient emission that is partially

indistinguishable can be achieved along the Goldilocks condition between the incoherent pumping

and critical regimes. This bridge between the regions arises due to the cavity funnelling e�ect [86],

where the broader dephased emitter linewidth is funneled into the narrower cavity linewidth.

Although these di�erent regimes are useful to keep in mind, the remainder of this thesis will

focus primarily on the critical regime and, in most cases, only the part of the critical regime that

overlaps with the Purcell regime, as indicated by the red hatched area in Fig. 1.3 (c). In the next

section, I will describe how the cavity-emitter-waveguide system in the bad-cavity regime reduces

to an e�ective `one-dimensional atom'.

1.3.6 Cavity-enhanced one-dimensional atom

In section 1.3.4, I introduced how the cavity-emitter dynamics in the weak-coupling regime can

be described by the e�ective rateR that couples the equation of motion forĥ� y�̂ i andĥayâi (see

Eq. (1.32)). We can push this idea one step further by eliminating the cavity mode from the

dynamics entirely. In this case, the two-level emitter e�ectively couples directly to the collection

waveguide. This simpli�ed picture of a two-level system coupled to a waveguide is referred to as a

one-dimensional atom [101].

Instead of eliminating the correlation between the emitter and the cavity to get Eq. (1.32),

we can directly eliminate the cavity amplitude in Eq. (1.29). By settingdĥai =dt = 0, we obtain

ĥai = � (2ig=� ) ĥ� i . Similarly, from Eq. (1.32) we can eliminate the cavity population to get

ĥayâi = R ĥ� y�̂ i =(� + R). In this case, for� � R, the cavity-emitter system reduces to an e�ective

two-level system whose evolution can be described by the e�ective Liouville superoperator

L = �
i
~

H + 
 0D(�̂ ) + 2 
 ?D(�̂ y�̂ ); (1.37)
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whereĤ ' ~! 0
o�̂

y�̂ + ~(
 � (t)�̂ +
( t)�̂ y)=2 is the e�ective Hamiltonian,
 0 ' 
 + R is the Purcell-

enhanced decay rate, and! 0
o ' ! o � 4g2� =(� 2 + 4� 2) is the cavity Lamb-shifted resonance of the

two-level system. Since this model is e�ectively identical to the model introduced in section 1.3.1,

I will write 
 0as
 without specifying the parameters of the cavity that give rise to the decay rate.

A special note must be made for including the semi-classical driving in the Hamiltonian. When

performing adiabatic elimination, one will �nd that the e�ective decay rate
 0depends on
 and that


 reduces
 0. Physically, this occurs when the semi-classical driving dresses the two-level system,

e�ectively decoupling it from the cavity mode and reducing the Purcell factor. Furthermore, a

time-dependent
 will cause
 0 to become time dependent. However, any transient behaviour of

the cavity-emitter interaction due to a time-dependent
 is inherently neglected when performing

adiabatic elimination. Hence, in addition to requiring the bad-cavity condition� � R so that any

transients are short compared1=
 0, this e�ective two-level model is valid either when (1)
( t) is

small compared tog or (2) 
( t) is nonzero for a time small compared to1=
 0. This latter condition

is often satis�ed for state-of-the-art pulsed single-photon sources operating far into the bad-cavity

regime, where the e�ective two-level model performs well [vi]. I will discuss this topic in more

detail at the end of section 3.3.1.

For the one-dimensional atom model, the cavity amplitudeâ becomes e�ectively proportional

to the amplitude of the two-level system̂� . Strictly speaking, these two operators cannot be

proportional becausê� is a �nite dimensional operator whereasâ is an in�nite dimensional operator.

However, under the condition thatĥai ; ĥayâi � 1, which is satis�ed in the bad-cavity regime, the

cavity mode operator becomes an e�ective two-level operator itself. Furthermore, this e�ective

proportionality extends to the waveguide modeb̂ provided that we only perform measurements

on the waveguide that are not sensitive to the vacuum �uctuations of the continuum, such as

photon-counting measurements.
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1.3.7 Quasi-normal mode master equation

The derivation of the Jaynes-Cummings model and the cavity QED master equation makes a key

assumption that the modes of the cavity are far separated in frequency compared to their linewidth

� . That is, we must assume that the spectrum of the cavity is described by a sum of well-

separated independent Lorentzian-shaped resonances. This allows for the light-matter interaction

to be described by a single quantized modeâ interacting with the two-level system. However, this

assumption is often violated for low-Q devices that incorporate very lossy materials, such as metals

or other plasmonic material, that can absorb and/or scatter light at a high rate.

If the spectrum of a cavity cannot be modeled by a summation of independent narrow Lorentzian

modes, then it is necessary to revisit the light-matter interaction from �rst principles. Although

there have been many approaches to generalizing the Jaynes-Cummings model for highly dissipative

environments [102], one recent approach by Frankeet al. [103] stands above the rest in that it

provides a clear and computationally-friendly [104] link between the classical properties of the

electromagnetic �eld and a Markovian master equation predicting the quantum dynamics. This

approach is based on a quasi-normal mode (QNM) expansion of the �eld where the cavity is

described by a summation of complex Lorentzian modes that can interfere if they overlap in space

and frequency. These QNMs are modes with complex eigenfrequencies that describe the mode

resonance peak as the real part of the eigenfrequency and the spectral width, or damping rate, as

the imaginary part of the eigenfrequency.

The QNM master equation has been successfully used to analyze Purcell enhancements of

single emitters [103] and study the quantum properties of light emitted by a cavity-emitter system

[105]. In this thesis, I will explore some properties predicted by the phenomenological application

of the quantum model based on the generalized constraints of its parameters. Hence, I will not go

into depth on the subtleties and fundamental considerations of its derivation, which can be found

in Ref. [106].

The form of the QNM master equation is similar to a multi-mode Jaynes-Cummings interaction
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with the key di�erence that the mode quantization accounts for possible interference and light-matter

coupling renormalization. Let us begin by supposing that our cavity �eld is described by a set of

QNMs~ai [103] with complex resonances~! i = ! i � i� i =2, where! i is the mode resonance and� i is

the FWHM spectral intensity linewidth. The modes~ai contain all the spatial and spectral structure

of the cavity �eld. However, in general, they do not immediately satisfy the canonical commutation

relations for harmonic oscillators because they are not plane-wave modes�they have a �nite width

due to dissipation. To enforce these commutation relations, the modes can be symmetrized by

de�ning new operatorŝai such that̂ai =
P

j (S
� 1=2) ij ~aj and ây

i =
P

j (S
� 1=2) ji ~ay

j , whereS is

a positive semi-de�nite Hermitian matrix fully describing the spatial and spectral overlap of the

QNMs [103].

After QNM symmetrization, the Liouville superoperator that governs the quantum evolution of

an emitter-cavity interaction is given generally as [103]

L = �
i
~

H + 
 D(�̂; �̂ ) +
X

ij

2� �
ij D(âi ; âj ) (1.38)

whereD is given byD(âi ; âj )�̂ = âi �̂ ây
j � f ây

j âi ; �̂ g=2 and the Hamiltonian corresponding to

H �̂ = [ Ĥ; �̂ ] is

Ĥ = ~! o�̂ y�̂ +
X

ij

~� +
ij ây

i âj +
X

i

~gi �̂ ây
i + ~g�

i �̂ yâi : (1.39)

The parameters� �
ij describing the QNM interference are given by� +

ij = ( � ij + � �
ji )=2 and

� �
ij = i (� ij � � �

ji )=2, where� ij =
P

k(S� 1=2) ik ~! k(S1=2)kj . The complex emitter-cavity coupling

rategi is given in terms of the QNM coupling rates before symmetrization~gj by gi =
P

j (S
1=2) ji ~gj .

The quantized modêai has a bare resonance� +
ii and interacts with modêaj through the Hermitian

coupling described by� +
ij . It is important to note that the quantized mode operatorsâi describe the

quasinormal modes after performing a symmetrization that maintains the required commutative

properties. Hence, the resonances� +
ii and the decay rates� �

ii do not correspond to~! i directly, but

are already altered due to the interference of the QNMs. Furthermore, we have a coupling between
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the quantized modes. This coupling appears in the Hamiltonian described by parameters� +
ij and a

coupling in the dissipative part of the master equation described by parameters� �
ij .

Since the matrix� � that is described by the elements� �
ij is Hermitian, there exists a unitary

transformation of modeŝai that diagonalizes the dissipative part of the master equation [106].

I will denote these dissipative eigenmodes asĉi =
P

j vj âj for eigenvector elementsvi of � � .

The eigenvalues� 0
i of this transformation correspond to the exponential decay of modesĉi . This

transformation allows for a straightforward derivation of input-output relations for the symmetrized

QNM operators [106]. It also provides a familiar Markovian master equation form where all of

the mode coupling is described by the Hamiltonian and the dissipative part simply describes the

exponential decay of those coupled modes. It is important to emphasize that, although this approach

provides a model that is similar in form to a multi-mode Jaynes-Cummings model, the light-matter

coupling and mode interference now become directly dependent on dissipation. This can lead

to a signi�cant reduction in the coupling magnitude compared to the standard Jaynes-Cummings

approach when considering highly dissipative cavities [106].

In this thesis, I will not go into detail about the quantum properties of emission predicted by

this QNM master equation, as this is already actively being explored [104�106]. However, I do

expect that many of the methods I use in this thesis for photonic state analysis can be applied to this

generalized system to great e�ect. That said, in section 4.2, I will apply the QNM master equation

to explore the potential application of plasmonic cavities to mediate high-�delity local spin-spin

interactions.

1.4 Figures of merit

I will now introduce a handful of important quantities that appear multiple times throughout this

thesis. First, I will discuss how the Purcell factor is related to the cavity cooperativity, which is a

�gure of merit used extensively in section 4.2. Then I will introduce three important �gures of merit

for single-photon sources: the brightness, the single-photon purity, and the indistinguishability.
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These quantities arise often in chapter 3 and again in section 4.1. Finally, I will de�ne state

�delity and concurrence. These will be used in section 3.3 to quantify the quality of photonic state

entanglement, and again in chapter 4 to discuss spin-spin entanglement.

1.4.1 Cavity cooperativity

The rateR not only describes the Purcell enhancement in the Purcell regime as we saw in section

1.3.4, it is also a useful quantity to characterize the cavity-emitter system. As we found in section

1.3.5, it allows us to easily de�ne many interesting regimes of a dephased cavity-emitter system.

However, sinceR is not a unitless quantity, it is not useful when comparing di�erent physical

systems. Instead, we can talk about the rateR normalized by the emitter lifetime
 : the cavity

cooperativity.

Let us consider a resonant system (� = 0 ) without dephasing in the regime where
 � � .

Then the cavity cooperativity is

C =
4g2

�

; (1.40)

which is a quantity that appears very often in the literature and will arise often in section 4.2. Similar

to the Purcell factor, the cavity cooperativity quanti�es how quickly the system decays via the cavity

mode as opposed to direct decay via the emitter. Note that, if
 � � , C > 1 does not imply that

there is a vacuum Rabi splitting. Hence, I do not consider a system withC > 1 as necessarily

being in the strong-coupling regime. We can also discuss the e�ective cavity cooperativity, which

I denoteC?, that is inhibited by emitter broadening and detuning

C? = CFinh: (1.41)

The e�ective cavity cooperativity is related to the e�ective Purcell factor byC? = � rFP, where

� r = 
 r=
 is the radiative e�ciency of the emitter.
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(a) (b) (c)

Figure 1.4: Characterization of a pulsed single-photon source. (a) Integrated intensity�
measured by direct detection. By knowing the losses prior to detection, this can be used to estimate
the source brightness� , which is� = 1 in the ideal case. (b) Single-photon purity measured by the
integrated intensity correlationg(2) using a balanced beam splitter and normalizing by the intensity
� . In the ideal case where the photonic state contains at most one photon, we have thatg(2) = 0.
(c) Characterization of the purity in the time/frequency domain. Subsequent photonic states are
interfered in a Mach-Zehnder interferometer with one arm delayed by the pulse separationTp. The
normalized intensity correlation after Hong-Ou-Mandel (HOM) interferenceg(2)

HOM should be zero
in the ideal case due to perfect photon bunching.

1.4.2 Brightness

For many applications of single-photons, it is necessary that the photons are produced very e�-

ciently. This is usually characterized by the source `�rst lens' brightnessB, which is the ratio of

the photon rate collected at positionx = 0 of the waveguide divided by rate of pulsed excitation

of the device. In the case that at most one photon can be produced by a single pulse, the �rst lens

brightness becomes equal to the probability of generating a single photon.

Since it is not easy to place a perfectly e�cient detector at the �rst lens, the measurement of

brightness is usually dependent on the characterization of additional losses and ine�ciencies of

the setup, such as transmission and detection e�ciency. It is also a�ected by the probability that

the emitter is in the correct `bright state' con�guration to emit a photon, also called the emitter

occupation probability, which I will denote� b.

In this thesis, I will discuss only the contribution to the �rst lens brightness due to the dynamics

of the light-matter interaction when the emitter is in the correct con�guration. This is described by
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the average photon number in the waveguideN (t) = ĥby(t)b̂(t)i integrated over time

� =
Z

N (t)dt = �� c

Z
ĥay(t)â(t)i dt; (1.42)

where the integration is taken over all dynamics induced by a single pulsed excitation or state

preparation protocol. It is also convenient to introduce the quantity� = �=� c =
P

n npn , where

pn = Pr(n) is the probability of havingn photons leaving the cavity mode. This quantity has

important implications for the photon statistics of the photonic state produced by the cavity mode.

Since I am dividing out the collection e�ciency� c, some of these photons may be directly absorbed

by the cavity material, or leave the cavity but never make it to the waveguide. Using� , we can

write the total �rst-lens brightness, including occupation probability, asB = � b� c� .

For a given emitter system, it is often enlightening to look at what� is expected for a perfect

state preparation of the emitter. This gives insight into the upper bound on the brightness under

perfect single-photon generation conditions. I will denote this idealized de�nition of brightness as

� and refer to it either as the intrinsic cavity e�ciency or brightness without further speci�cation.

For the cavity-emitter system introduced so far, a perfect state preparation corresponds tojei , which

can give at most one photon. In the Purcell regime, the value of� then has an upper bound that

is given by the ratio of decay from the emitter at the rate
 and the e�ective rateR. Using the

e�ective rateR, we can write this upper bound in terms of the e�ective cavity cooperativity as

� �
R


 + R
=

C?

1 + C?
� 1: (1.43)

For single-photon sources, one ultimate goal is to achievep1 = 1. From the above de�nition

of B, we can see thatB = 1 does not necessarily implyp1 = 1 since� = 1 can imply an in�nite

number of sets ofpn values. For example,p0 = p2 = 0:5 can also give� = 1. Therefore, it is

necessary to characterize the quality of a single-photon source using more than just the brightness.
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1.4.3 Single-photon purity

An ideal single-photon source must provide at most one photon per pulse. This can be characterized

by the antibunching of the photonic state at the output of a beam splitter (see Fig. 1.4 (b)). If the

photonic state does not contain more than one photon, the intensity correlation between output

modesb̂3 and b̂4 measured by the two detectors will vanish. For a balanced beam splitter, the

modeŝb3 andb̂4 will be in identical states proportional to the state of the input waveguide mode

b̂= b̂1, however the detection times may be di�erent. Integrating the two-time intensity correlation

of the waveguide modeG(2) (t1; t2) = ĥby(t1)b̂y(t2)b̂(t2)b̂(t1)i over all times and normalizing

by the integrated intensity of each mode gives the normalized integrated intensity correlation

characterizing the single-photon purity

g(2) =
1
� 2

ZZ
G(2) (t1; t2)dt1dt2; (1.44)

where the integration is taken over the dynamics as for� . This quantity is often denotedg(2) (0) to

emphasize that it is the intensity correlation around zero delay, which is a relic of continuous wave

(CW) source characterization. However, the true equivalent tog(2) (0) for pulsed sources would be

given by the time-integrated intensity correlationg(2) (� ) as a function of detection delay� given

by g(2) (� ) = � � 1
R

G(2) (t; t + � )dt, which is not equal to the full time-integrated quantity if� = 0.

Hence, for pulsed sources where subsequently produced photon states are uncorrelated, I �nd the

emphasis on0 unnecessary when discussing the full time-integrated quantity and so I will use the

notationg(2) and notg(2) (0).

Furthermore, it is important to note that the intensity normalizedg(2) is independent of pho-

ton losses, such as non-unity collection e�ciency� c and transmission e�ciency� t . It is also

independent of detector e�ciency� d provided that the beam splitter is balanced so that each de-

tector receives the same average intensity. This means thatg(2) measured after signi�cant losses is

identical to the value at the device.

If the source experiences irreversible evolution besides that which is caused by the collected
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