Downloaded By: [University of Calgary] At: 19:49 28 March 2007

Journal of Modern Optics
Vol. 54, No. 5, 20 March 2007, 721–733

Decomposing a pulsed optical parametric ampliﬁer
into independent squeezers
A. I. LVOVSKYy, WOJCIECH WASILEWSKIz and
KONRAD BANASZEK*z
yDepartment of Physics and Astronomy, University of Calgary,
Calgary, Alberta T2N 1N4, Canada
zInstitute of Physics, Nicolaus Copernicus University, Grudziadzka 5,
87-100 Toruń, Poland
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We discuss the concept of characteristic squeezing modes applied to a travellingwave optical parametric ampliﬁer pumped by an ultrashort pulse. The
characteristic modes undergo decoupled single-mode squeezing transformations,
and therefore they form a useful basis to describe the evolution of the entire
multimode system. This provides an elegant and intuitive picture of quantum
statistical properties of parametric ﬂuorescence. We analyse the eﬃciency of
detecting quadrature squeezing, and present results of numerical calculations
for a realistic nonlinear medium.

1. Introduction
Quadrature squeezing [1] is one of the most accessible optical processes that takes
us beyond the semiclassical class of states of electromagnetic radiation, comprising
coherent states and their statistical mixtures. The most elementary theoretical
description of squeezing involves just a single radiation mode undergoing evolution
governed by the unitary operator:



 y 2
2
^
ða^ Þ  a^ ;
U ¼ exp
ð1Þ
2
where a^ is the annihilation operator of the mode and  is the interaction strength.
Such evolution occurs in the process of parametric down-conversion, which can be
realized by means of ð2Þ nonlinearity in optical media. In this case, the constant 
involves the amplitude of the pump beam, the strength of the nonlinear coupling and
the length of the medium. A common experimental conﬁguration is an optical
parametric ampliﬁer, where a short pump pulse passes once through the medium.
This induces squeezing in a mode that is either initially left empty, or seeded by a
coherent beam at half the pump frequency. Obviously, equation (1) is a very crude
approximation to the actual evolution of the system. The realistic down-conversion
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is in fact a subtle interplay of the spatio-temporal shape of the pump pulse with the
phase-matching characteristics of the medium for diﬀerent sets of frequencies and
wave vectors. Nevertheless, the basic features of down-converted light predicted by
the single-mode model explain well experimental observations.
The purpose of this paper is to go beyond the single-mode approximation and
to discuss theoretically the squeezing process in a more realistic model, which takes
into account the above complexities. This results in multimode calculations, involving continuous degrees of freedom such as frequency and wave vectors, which can
be carried out only by numerical means. Nevertheless, elementary single-mode
squeezing does emerge even in the multimode model. This is a general consequence
of the linearity of the evolution in the ﬁeld operators and the associated existence of
the Bloch–Messiah reduction [2–4]. However, the modes whose evolution can be
described in such a simple way are of a very special form. We shall call them
characteristic squeezing modes and analyse their properties. The shape of these
modes, as well as the strength of the produced squeezing depend in a non-trivial
way on the parameters of the system, including the amplitude and the shape of
the pump pulse as well as the characteristics of the nonlinear medium.
The description of realistic squeezing in terms of characteristic modes provides a
simple intuitive picture of the process as well as means to optimize the amount of
detected squeezing.
This paper is organized as follows. First, in section 2 we give the theoretical
construction of the characteristic squeezing modes and motivate it by the well-known
Schmidt decomposition of a two-photon wave function. In section 3 we perform the
decomposition for a model Gaussian evolution of an optical parametric ampliﬁer
and discuss its consequences for detecting quadrature squeezing by means of
homodyne detection. Section 4 presents numerical results for a down-conversion
process realized in a nonlinear waveguide and points out a simple scaling law for
the squeezing parameters of the characteristic modes. Finally, section 5 concludes
the paper.

2. Decomposition
We will assume here a one-dimensional evolution of the optical ﬁeld, corresponding
to propagation in a single-mode nonlinear waveguide. Let us ﬁrst develop an
intuition using the perturbative regime, extensively discussed in previous works
in the context of spectral properties of biphotons [5, 6]. If the ﬁeld at the
down-converted frequencies is initially in the vacuum state jvaci, the output state
in the limit of weak pumping can be written as:
ð
ð
1
^
d! d!0 ð!, !0 Þa^ y ð!Þa^ y ð!0 Þjvaci:
ð2Þ
Ujvaci
 jvaci þ
2
The two-photon wave function ð!, !0 Þ is given by a product of the spectral pump
amplitude at ! þ !0 and the phase matching function at the down-converted
frequencies. For a degenerate process, the wave function is symmetric with respect
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to the permutation of its arguments. Consequently, its Schmidt decomposition [7]
can be written in the form:
ð!, !0 Þ ¼

1
X

n


 0
n ð!Þ n ð! Þ,

ð3Þ

n¼0

where n are non-negative Schmidt coeﬃcients, while n ð!Þ are mutually orthogonal
Schmidt functions, normalized to one. We have used here complex-conjugated
Schmidt functions n ð!Þ in order to achieve correspondence with the general
case discussed below. The Schmidt decomposition performed above suggests an
introduction of another set of ﬁeld operators deﬁned by:
ð
^
b^n ¼ d! n ð!Það!Þ:
ð4Þ
These operators satisfy standard bosonic commutation relations:
½b^m , b^n  ¼ 0 ,

½b^m , b^yn  ¼ mn ,

which follows directly from the fact that the Schmidt functions
orthonormal. The ﬁnal wave function can now be written as:
1
1X
^
n ðb^yn Þ2 jvaci:
Ujvaci
 jvaci þ
2 n¼0

ð5Þ
n(!)

are

ð6Þ

It is seen that this wave function could be obtained from the perturbative expansion
of the multimode squeezing operator of the form:
 h

1
O
n ^y 2 ^2 i
ðbn Þ  bn :
exp
U^ ¼
ð7Þ
2
n¼0
As the modes b^n are mutually orthogonal, the evolution is eﬀectively decoupled
in the modes deﬁned by the Schmidt functions, and if at the end we detect only one
of these modes, then the evolution can be eﬀectively treated in the single-mode
approach.
It turns out that the above decomposition exists not only in the perturbative
regime, but, in a generalized form, also for arbitrarily intense multimode evolution
as long as it remains linear in the ﬁeld operators [2–4]. The non-perturbative case
is most conveniently handled in the Heisenberg picture, in which the ﬁnal ﬁeld
operators are expressed in terms of the input ones. If the linearity condition is
satisﬁed, the output ﬁeld operators a^out ð!Þ can be in general written in terms of the
input ﬁeld operators a^ in ð!Þ as a Bogoliubov transformation:
ð


a^out ð!Þ ¼ d!0 Cð!, !0 Þa^in ð!0 Þ þ Sð!, !0 Þ½a^ in ð!0 Þy ,
ð8Þ
where the integral kernels Cð!, !0 Þ and Sð!, !0 Þ are the Green functions of the
equations of motion for a concrete arrangement. In the perturbative regime,
Cð!, !0 Þ ¼ ð!  !0 Þ and the function Sð!, !0 Þ is equal (up to a certain phase factor)
to the biphoton spectrum amplitude ð!, !0 Þ. Of course, the output operators must
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satisfy the same relations as the input ﬁeld operators. This imposes the following
conditions on the kernels:
ð
d!00 ½Cð!, !00 ÞSð!0 , !00 Þ  Cð!0 , !00 ÞSð!, !00 Þ ¼ 0,
ð

d!00 ½Cð!, !00 ÞC ð!0 , !00 Þ  Sð!, !00 ÞS ð!0 , !00 Þ ¼ ð!  !0 Þ:

ð9Þ

Because of these constraints, the singular-value expansions of the Green functions
are not independent, but can be written using a joint set of functions and
parameters as:
Cð!, !0 Þ ¼

1
X

cosh n


0
n ð!Þn ð! Þ,

sinh n


 0
n ð!Þn ð! Þ:

n¼0

Sð!, !0 Þ ¼

1
X

ð10Þ

n¼0

Here n(!) and n(!) are two orthonormal sets of functions and n are real
parameters. This decomposition is known as the Bloch–Messiah reduction [4].
Analogously to equation (4), we can now deﬁne discrete sets of ﬁeld operators
according to:
ð
b^in
¼
d! n ð!Þa^in ð!Þ,
n
ð
b^out
¼
d!
n

n ð!Þa^

out

ð!Þ:

ð11Þ

The Bogoliubov transformation introduced in equation (8) induces now the
following transformation of the discrete ﬁeld operators:
^in
^in y
b^out
n ¼ bn cosh n þ ðbn Þ sinh n :

ð12Þ

It is seen that the evolution is completely decoupled between modes characterized
by diﬀerent indices n. Equation (12) is analogous to that of single-mode
squeezing and it generalizes the perturbative result derived in equation (6) to the
regime of multiple pair generation. Let us note that in general the shape of
the input modes can be diﬀerent from the shape of the corresponding output
mode. As shown in [8], with a non-chirped pump pulse, the input and output
squeezing eigenmodes obey a relation n ð!Þ ¼ n ð!Þ, i.e. are the exact time reverse
of each other.

3. Homodyne detection
Let us ﬁrst discuss consequences of the multimode character of squeezing for
homodyne detection with the local oscillator ﬁeld described by a certain mode
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function LO ð!Þ. In order to expose the essence of the argument, we will assume
the integration kernels in the following Gaussian form:
Cð!, !0 Þ ¼ ð!  !0 Þ ,




2N 1=2
ð! þ !0  !p Þ2 ð!  !0 Þ2
0
Sð!, ! Þ ¼
exp 

:
p
22
22

ð13Þ

These expressions can be justiﬁed on the grounds of the ﬁrst-order perturbation
theory [8], and for simplicity we have assumed that the phase factors resulting from
linear dispersive propagation have been compensated. The formula for Sð!, !0 Þ
involves !p as the central frequency of the pump pulse,  and  describing the
frequency correlations within the photon pair as well as the biphoton bandwidth,
and N  1 equal to the average total number of generated photons. In a typical
arrangement    and , given by the bandwidth of the pump pulse, deﬁnes the
frequency anticorrelations within a biphoton, while  is determined by the crystal
dispersion across the down-converted spectrum and speciﬁes the overall bandwidth
of the parametric ﬂuorescence.
The Gaussian form allows us to ﬁnd analyticallyy the singular values as
N1=2
tanhn r,
ð14Þ
cosh r
where r ¼ ln ð=Þ1=2 , while the corresponding characteristic functions are given by
 
1=2
2 
!p 2
s
Hn ðs ð!  !p =2ÞÞ exp  s ! 
,
ð15Þ
n ð!Þ ¼ n ð!Þ ¼ n 1=2
2 n!p
2
2
n  sinh n ¼

where Hn(x) denotes the nth Hermite polynomial. Thus in our model the characteristic modes have the familiar shape of Hermite functions describing the eigenfunctions of a harmonic oscillator, with their width given by the parameter  s:
 1=2
2
s ¼
:
ð16Þ

Let us now assume that the local oscillator has a Gaussian spectral proﬁle
characterized by a bandwidth LO:

1=2
2
1 
!p 2
ð!Þ
¼
exp  2 ! 
:
ð17Þ
LO
1=2
LO p
2
LO
The local oscillator mode can be decomposed in the orthonormal basis of the
characteristic output modes as
LO ð!Þ

¼

1
X

Mn

n ð!Þ:

ð18Þ

n¼0

With the choice of the spectral phase as in equation (17) the local oscillator pulse
is matched temporally with the squeezed light and only even characteristic
y This follows from the mathematically equivalent result for the decomposition of Gaussian
twin beams in the Fock basis. See [9].
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squeezing modes appear in the decomposition owing to the deﬁned parity of the
modes. Furthermore, the expansion coeﬃcients in equation (18) can be evaluated
analyticallyy:
ð
½ð2mÞ!1=2 tanhm r0
,
ð19Þ
M2m ¼ d! LO ð!Þ 2m ð!Þ ¼
2m m! ðcosh r0 Þ1=2
where r0 ¼ ln ðLO =ðÞ1=2 Þ and all M2mþ1 ¼ 0. As the modes n(!) are mutually
orthogonal, the quadrature ﬂuctuations detected in the local oscillator mode LO ð!Þ
are given by a sum of independent contributions from all the occupied characteristic
modes. In each of these modes, the mean square quadrature noise is phase
dependent, with the maximum hQ2nþ i and the minimum hQ2n i given by
hQ2n i ¼

1
exp ð2n Þ ,
4

ð20Þ

where the vacuum state noise is normalized to 1=4. Because a pure squeezed state is
a minimum uncertainty state, the product of the minimum and maximum quadrature
uncertainties is equal to that of the vacuum. In the model Gaussian case only even
characteristic modes contribute and, furthermore, the coeﬃcients M2m are real
and thus have identical phases. Consequently we can set the phase of the local
oscillator to a value which combines contributions from exclusively either squeezed
or antisqueezed quadratures. Thus the ﬂuctuations in the squeezed hQ2 i and the
antisqueezed hQ2þ i quadratures are given by
hQ2 i ¼

1
1X
M2 exp ð22m Þ:
4 m¼0 2m

ð21Þ

We see that the squeezing is still present, but is not necessarily of a minimumuncertainty character. Uncertainty minimization occurs only if all the n, for which
Mn do not vanish, are equal. The latter requirement is fulﬁlled when the local
oscillator mode is identical to one of the characteristic modes. However, even if this
is not the case, minimum uncertainty is approximated remarkably well as long as the
dominant terms in the series fM2m g pick up characteristic modes with comparable
squeezing parameters 2m .
In order to quantify the last statement, we make use of the fact that a deviation of
a squeezed ensemble from the minimum-uncertainty character can be ascribed to a
non-unit quantum eﬃciency
¼

16hQ2þ ihQ2 i þ 4hQ2þ i þ 4hQ2 i  1
4hQ2þ i þ 4hQ2 i  2

ð22Þ

y The evaluation of the coefficients M2m is formally identical with the expansion of a squeezed
vacuum state in the Fock basis, when the expressions are written in the quadrature representation. See [10]. It should be stressed that this analogy is of a purely mathematical nature,
although both cases involve squeezed states.
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Figure 1. Quantum eﬃciency of detected squeezing as a function of the local oscillator
linewidth LO for r ¼ ln ð=Þ1=2 ¼ 3. High quantum eﬃciency is observed for all LOs between
 and , with  > 99% for 2 < r0 < 2.

of the communication channel along which it has been delivered. Interpreting
equation (21) in this fashion, we ﬁnd the eﬃciency of the squeezed ensemble in
the local oscillator mode. This quantity is plotted in ﬁgure 1, where it is seen that
high-eﬃciency squeezing is obtained for a broad span of modes. The spectral width
of squeezed modes is limited from below by the master laser linewidth and from
above by the phase matching range of the down-conversion arrangement. By
choosing a suﬃciently short crystal, one can control the upper limit, allowing
generation of squeezed vacuum in arbitrarily short pulsed modes. Our results
permit an intuitive interpretation if down-conversion is considered in the time
representation. The two photons in a pair can be born at any moment within
the duration of the pump pulse, but necessarily at the same time. Therefore, all
the inﬁnitely short-pulsed modes within the pump pulse must contain an even
number of photons and are squeezed, and so are all the linear combinations of
these modes—that is, all the modes that are shorter than the pump pulse.
The existence of the upper limit  in the squeezing spectrum is explained by the
non-zero length of the down-conversion crystal. Due to nonlinear dispersion
(which limits the down-conversion spectrum), single-photon wavepackets propagating through the crystal diverge in time by 1 . If the local oscillator pulse is chosen
too short, it may happen that one photon in a pair is registered within the local
oscillator mode, but the other one arrives either too soon or too late, leading to
a reduction in detection eﬃciency.
Most existing experiments on pulsed squeezing obtain the local oscillator from
the master laser whose second harmonic serves as a pump for the down-conversion.
Assuming that the second harmonic bandwidth is limited by the spectrum of the
pump pulse, this situation corresponds to LO ¼  and consequently r0 ¼ r.
From ﬁgure 1 we ﬁnd that such a choice of the local oscillator linewidth lies on
the border of the high-eﬃciency region and is not optimal. Figure 2 displays the
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Figure 2. Quantum eﬃciency of a pulsed squeezed state for the local oscillator pulse
bandwidth equal to that of the master laser, depicted as a function of the parameter r
characterizing frequency correlations.

quantum eﬃciency associated with such a measurement as a function of r. For
small r’s, this quantity approaches unity, but for highly eccentric biphoton spectra
it appears to tend to a constant value of 0.86.

4. Numerical results
In this section we will discuss the non-perturbative regime for a realistic example of
the parametric process in a nonlinear waveguide. For this purpose we will solve
numerically one-dimensional propagation, described by the set of diﬀerential
^ zÞ
equations for the annihilation operators of monochromatic modes að!;
parameterized with the propagation distance z in the medium:
ð
^ zÞ
@að!;
1
^ zÞ þ
¼ ikð!Það!;
d!0 exp ½ikp ð!0 þ !ÞzEp ð!0 þ !Þa^ y ð!0 ; zÞ:
ð23Þ
@z
LNL E0
The ﬁrst term on the right-hand side represents the linear propagation of the ﬁeld
in the medium, while the second one is responsible for the nonlinear interaction.
In the above expression, Ep ð!Þ is the spectral amplitude of the pump ﬁeld and k(!)
ﬁelds.
and kp ð!Þ are respectively the wave vectors of the signal and the pump
Ð
We have rescaled the spectral amplitude of the pump ﬁeld by E0 ¼ d! Ep ð!Þ,
which allows us to introduce a single parameter LNL , expressed in units of length,
that characterizes the strength of nonlinear interaction. In particular, LNL is
inversely proportional to the amplitude of the pump ﬁeld. In the case of a
monochromatic pump and no phase mismatch between the pump and the signal
ﬁelds, LNL is a distance over which the root mean square quadrature noise scales by
a factor of e.
We have performed calculations for a down-conversion process taking place in
a beta-barium borate (BBO) crystal and converting pump wavelengths centred at
400 nm to degenerate signal and idler wavelengths around 800 nm. The pump pulse
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was assumed to have a Gaussian shape of duration  p, corresponding to the spectral
amplitude:
!
p2
Ep ð!Þ / exp  ð!  !p Þ2
ð24Þ
2
with a ﬂat spectral phase at half-way through the waveguide length. As the
propagation equation (23) is linear in the ﬁeld operators, it can be solved
^ zÞ and a^ y ð!; zÞ by c-numbers and correspondingly
numerically by replacing að!;
their complex conjugates. The complete Green functions are composed of
solutions of the propagation equation for monochromatic inputs. Details of the
numerical procedure have been described in [8]. In ﬁgure 3 we depict the
absolute values of the Green functions jCð!, !0 Þj and jSð!, !0 Þj for several ratios
L=LNL , with the length of the crystal L ¼ 1 mm and the pump pulse duration
p ¼ 26 fs. It is seen that the analytical Gaussian form of the Green
functions discussed in the preceding section should be indeed capable of modelling
qualitatively the numerical results.
Let us begin by inspecting the spectral intensity proﬁles for the characteristic
modes n(!). The examples shown in ﬁgure 4 demonstrate that the dependence
of the proﬁles on the nonlinear interaction length is rather weak. Furthermore, it is
easy to recognize the similarity of the intensity proﬁles to those described by the
Hermite functions given in equation (15). Nevertheless small deviations from the
Hermitian shapes, especially breaking the deﬁned parity of the characteristic modes,
can have a dramatic impact on the amount of squeezing detectable with a restricted
class of local oscillator shapes. The reason for this is that when detecting the
squeezed quadrature, such local oscillator pulses would pick up an admixture of
antisqueezed quadratures from odd characteristic modes, which can mask the eﬀect
of squeezing. It is also diﬃcult to set all the phases in the characteristic-mode
decomposition of the local oscillator pulse to the same value which selects only
squeezed quadratures. This issue has been discussed in detail in [8].
The squeezing experienced by the nth characteristic mode is given by the
squeezing parameter n. We found numerically that up to L=LNL ¼ 15 there exists
a simple scaling law: namely, that the squeezing parameter of any squeezed mode
is inversely proportional to nonlinear length
n ¼

n
:
LNL

ð25Þ

We have introduced here a proportionality constant n which we shall call the
squeezing length. In order to discuss its physical meaning, let us ﬁrst recall that
in the case of a monochromatic pump and no phase mismatch between the
pump and the signal ﬁelds, we would expect the squeezing parameter to be equal
to the ratio of the interaction length to the nonlinear length  ¼ L=LNL .
However in the general multimode case studied here there is an appreciable
phase mismatch and the pump ﬁeld is a polychromatic ultrashort pulse.
Consequently the squeezing parameters cannot be simply estimated as L=LNL .
Nevertheless, equation (25) suggests that one can introduce a notion of the
eﬀective crystal length n for every characteristic mode, a quantity that depends
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Figure 3. Green functions jCð!, !0 Þj and jSð!, !0 Þj for the example of a 1 mm long waveguide
in a BBO crystal and the increasing ratio L=LNL ¼ 0:1 (upper pair), L=LNL ¼ 1 (centre pair) and
L=LNL ¼ 10 (lower pair). The pump pulse duration is equal to p ¼ 26 fs and its central
wavelength is 400 nm. Contours are drawn at 0.2, 0.4 and 0.6 of the maximum value.
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Figure 4. Spectral intensity proﬁles of the characteristic modes exhibiting strongest
squeezing for interaction lengths L=LNL ¼ 0:1 (solid), L=LNL ¼ 1 (dashed) and L=LNL ¼ 10
(dotted). Note that the dashed and the solid lines virtually overlap in the graphs.

on the mode number as well as on the pump and the phase matching properties
of the medium. We propose the following way of intuitively understanding n :
for a given input mode shape n ð!Þ its interaction with the pump pulse remains
phase matched, thus interacting eﬃciently, only over a ﬁnite length of the crystal,
approximately equal to n . This length is shorter for modes of broad spectral
content as their various frequency components dephase more quickly from each
other and from the pump pulse owing to crystal dispersion. These eﬀects are
clearly seen in ﬁgure 5, where we plot n as a function of the mode number n.
Indeed, n s are smaller for modes with higher n, whose bandwidth is broader.
Let us point out here that the Gaussian approximation fails to predict accurately
the squeezing parameters at any LNL , as the plot of the analytical values given
by equation (14) would be a straight line in the semi-logarithmic scale of
ﬁgure 5. This is a consequence of the fact that even in the perturbative regime
the biphoton spectral amplitude is not Gaussian, but typically involves a much
more slowly decaying sinc function. Finally, let us note that ﬁrst several modes
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Figure 5. The squeezing lengths n ¼ n LNL as a function of the mode number n for the
validity range of the inverse linear scaling law, 0  L=LNL  15.

have very similar squeezing lengths n and thus squeezing parameters n. As
discussed in the preceding section, this gives us freedom in the shapes of the
local oscillator pulse that are capable of detecting maximum squeezing.

5. Conclusions
The Bloch–Messiah reduction is an indispensable theoretical tool in understanding
the intricacies of optical parametric ampliﬁcation in the broadband regime, when all
the monochromatic modes are coupled to one another through nonlinear interaction
with the ultrashort pump pulse. The characteristic modes are a simple and elegant
way to describe completely the quantum statistical properties of parametric ﬂuorescence. They also form a convenient modal decomposition to analyse homodyne
detection of squeezing.
Numerical simulations presented in this paper show that the perturbative
approach begins to fail when the ratio L=LNL approaches one. This threshold
value corresponds to quadrature squeezing exceeding the order of 1/e, which is
equivalent to over 8 dB in noise reduction. This suggests that the perturbative
approximation should be quite suﬃcient for describing squeezing experiments
performed so far. As long as we stay within the perturbative regime, the
Gaussian model developed in section 2 shows that there is a certain degree of
ﬂexibility in selecting the bandwidth of the local oscillator, with the optimal
range limited by the parameters  and  characterizing frequency correlations
within biphotons. However, when we utilize the whole available bandwidth of the
master laser for second-harmonic generation, extracting the local oscillator from
the same master beam puts us with LO close to , which is right on the edge of
the optimal region. One possible remedy is to limit the bandwidth of the pump

Downloaded By: [University of Calgary] At: 19:49 28 March 2007

Decomposing a pulsed optical parametric ampliﬁer into independent squeezers

733

pulse by generating a second harmonic in a longer crystal, in the dispersion-limited
regime. This would lower the value of  and place the master laser bandwidth LO
used for homodyning inside the favourable region.
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